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Abstract

The complex flow patterns in bubble columns can be phenomenologically described by the two-bubble 

class approach. For the first time, this approach is applied to bubble columns with dense internals. 

Internals of square and triangular pitch tube patterns of two tube sizes (8×10-3 and 13×10-3 m) with flat 

and U-tube bottom design and cross-sectional occupation of ~25% were inserted in a bubble column of 

0.1 m diameter and 2 m height. Contrary to the well-known gas disengagement technique, dual-plane 

ultrafast X-ray computed tomography data have been used for the bubble class allocation. Experiments 

were performed at superficial gas velocities ranging from 0.02 m s-1 to 0.20 m s-1 to cover homogeneous 

and heterogeneous flow conditions. The contributions of small and large bubble classes on total holdup, 

flow structure and bubble rise velocities were determined. Furthermore, the regime transition onset was 

determined based on the two-bubble class approach. Eventually, new correlations for regime transition, 

small and large bubble rise velocity, large bubble holdup as well as total holdup are proposed based on 

sub-channel area, sub-channel hydraulic diameter and occlusion area.
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1 Introduction

Bubble column reactors (BCRs) are widely encountered in the chemical process industry due to their easy 

construction and operation without moving parts, low maintenance costs as well as due to their excellent 

heat and mass transfer characteristics at comparably low energy input1. They are applied for various bulk 

processes, such as Fischer-Tropsch synthesis, methanol synthesis, waste-water treatment, etc. In order to 

ensure stable and safe reactor operation, high product selectivity and long catalyst life-time, isothermal 

processing is preferred2,3. A successful heat management is achieved using dense internal heat exchanger 

tube bundles, which offer large specific heat transfer areas4–6. Such heat exchanger tube bundles can 

occupy up to 60 % of the reactor’s cross-section and alter the hydrodynamics significantly7–14. While 

coverages below 5 % are still negligible10,15, internals that cover more than 20 % increase the total gas 

holdup significantly 4–10,16–25, which is caused by forced bubble breakup. Hence, smaller bubbles and lower 

bubble rise velocities are direct consequences of the densely packed internals10,22–27.

Various approaches to describe the hydrodynamics exist for the design and scale-up of BCRs. Wilkinson 

et al.28, Krishna and Ellenberger29 and Grund30 proposed a phenomenological approach based on the 

main flow regimes, i.e. homogenous and heterogeneous flow regime31,32, and their characteristic bubble 

behavior as illustrated in Figure 1. 

The homogeneous flow regime is encountered at low superficial gas velocities (commonly at 𝑢g <

 0.03 m s-1 … 0.05 m s-1) and features rather uniformly sized bubbles of small size (see Figure 1, left) 

depending on the gas distributor33. The small bubbles rise uniformly with a flat radial gas velocity profile34. 

Similarly, the radial liquid velocity profile is flat and only minor recirculation is observed. The 

heterogeneous flow regime occurs at high superficial gas velocities (commonly at  0.08 m s-1) and is 𝑢g >

characterized by the formation of large bubbles, e.g. spherical-cap bubbles (see Figure 1, right), and an 

increased frequency of bubble breakup and coalescence events. Increased turbulence, a wide bubble size 

distribution (BSD) and a parabolic gas holdup profile are typical features of the heterogeneous flow 

regime. Small bubbles (also referred to as dense phase) preferably rise in the wall zone, while large bubbles 

(also referred to as dilute phase) preferably rise in the column center35, prompting a gross liquid circulation 

pattern with some small bubbles trapped within liquid eddies36. Simplified, the bubbles are assigned to two 

bubble classes, namely, small and large bubbles28,29,37–45.
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Figure 1: Illustration of TBCA with characteristic flow regimes and gas holdup profile in the upper row and DGD 
profile below for the determination of regime transition and bubble class holdups according to Grund30.

Following this two-bubble class approach (TBCA), the formation of large bubbles starts at the onset of 

the transition between homogeneous and heterogeneous flow (see Figure 1). Accordingly, the following 

assumptions hold for the gas holdups at the respective regimes:

, ,𝜀g,l = 0 0 < ug ≤ utrans (1)

,  𝜀g,l > 0 ug > utrans

and

(2)

, ,𝜀g,s = 𝜀g,trans ug ≥ utrans (3)

where ,  ( ) and  are large and small bubble class holdups and gas holdup at the 𝜀g,l 𝜀g,s 𝜀g = εg,l + 𝜀g,s 𝜀g,trans

transition, respectively, and  and  represent the superficial gas velocity and the transition velocity. 𝑢g 𝑢trans

The superficial gas velocities of small and large bubble classes contribute to the total superficial gas 

velocity according to
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4

.𝑢g = 𝑢g,l + 𝑢g,s (4)

Furthermore, the small and large bubble class swarm velocities (  and , respectively) are defined as  𝑢b,s  𝑢b,l

𝑢b,l =
𝑢g,l

𝜀g,l
 

and

𝑢b,s =
𝑢g,s

𝜀g,s
.

(5)

The total gas holdup can be calculated according to

εg =
𝑢g

𝑣b,s
, 𝑢𝑔 < 𝑢trans,

(6)

and

εg =
𝑢trans

𝑣b,s
+

𝑢g ― 𝑢trans

𝑣b,l
, 𝑢g > 𝑢trans,

(7)

where  and  are the small and large bubble rise velocities.𝑣b,s 𝑣b,l

Commonly, the small and large bubble class holdups are determined by means of the dynamic gas 

disengagement (DGD) method. Here, the gas supply is abruptly closed. Initially, the fast-rising large 

bubbles (jointly with small bubbles, which are entrained in the large bubbles’ wakes) leave the column 

followed by the remaining small bubbles. Typically, the gas disengagement is monitored via gas-liquid 

dispersion height measurements30,45 or differential pressure measurements46–48. The DGD gas holdup 

profile (see Figure 1) based on the differential pressure measurements is obtained according to 

𝜀g =

Δ𝑃
Δ𝐻𝑔 ― 𝜌l

𝜌l ― 𝜌g
 , 

(8)

where  and  represent the gas and liquid density,  denotes the earth acceleration and  is the 𝜌g 𝜌l 𝑔 Δ𝑃/Δ𝐻

pressure drop over the measured height confined by the two pressure drop measurement ports.
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5

The disengagement of the two bubble classes is reflected by two distinct slopes of the disengagement 

profile (see Figure 1), which enables to determine the large and small bubble class holdups graphically. 

However, it should be mentioned that this technique involves some uncertainties, such as early 

disengagement of small bubbles caught in the wakes of the large bubbles, late disengagement of small 

bubbles due to liquid circulation as well as arbitrary graphical separation as discussed by Basha and 

Morsi46. Nevertheless, the DGD method was applied to empty BCRs and several empirical correlations 

were derived to predict the flow regime transition and to determine gas holdup as well as bubble swarm 

and rise velocities. Wilkinson et al.28 proposed correlations for the small bubble class rise velocity, , 𝑣b,s

and the superficial gas velocity at regime transition, , in bubble columns of different diameters, , 𝑢trans 𝐷

operated with various liquids and gases according to

𝑣b,s = 2.25
𝜎l

𝜂l[𝜎l
3𝜌l

𝑔𝜂4
l

]
―0.273

[𝜌l

𝜌g]0.03

,

and

(9)

𝑢trans 

𝑣b,s
= 𝜀trans = 0.5exp ( ―193𝜌 ―0.61

g 𝜂0.5
l 𝜎0.11). (10)

Furthermore, they proposed correlations for the large bubble class rise velocity, , as well as for small 𝑣b,l

and large bubble class holdups,  and , respectively, for  according to𝜀g,s 𝜀g,l 𝑢g > 𝑢trans

𝑣b,l = 𝑣b,s + 2.4
𝜎l

𝜂l[𝜂l(𝑢g ― 𝑢trans)
𝜎l ]0.757[𝜎l

3𝜌𝑙

𝑔𝜂4
l

][𝜌l

𝜌g]
0.077

, (11)

𝜀g,l =
𝑢g ― 𝑢trans

𝑣b,l
,

and

(12)

.𝜀g,s = 𝜀trans (13)

Krishna and co-workers29,37 also followed the TBCA and derived a fully empirical and dimensional 

correlation for the large bubble class holdup, which is
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6

,𝜀g,l = 0.268𝐷 ―0.18(𝑢g ― 𝑢b,l)0.58 (14)

where  is the superficial gas velocity of the large bubble class. Reilly et al.49 defined  as the 𝑢b,l 𝑢b,l

superficial gas velocity at regime transition according to

,ub,l = utrans = ub,sεtrans(1 ― εtrans) (15)

with

,ub,s = 0.3521ρ ―0.04
g σl

0.12 (16)

and

εtrans = 4.457
𝜌0.96

g

𝜌l
𝜎l

0.12  .
(17)

Beyond these correlations, models were developed dividing the gas phase into large, fast-rising bubbles in 

the column center, small rising bubbles in the center and recirculating small bubbles in the wall zone. Such 

TBCA compartment models are utilized to predict the gas phase dynamics and to describe the gas 

mixing38–43. 

Yet, the aforementioned correlations and models based on the TBCA were developed and validated for 

empty BCRs only. The effects of internals on the development of the two bubble classes, their 

contribution to the total gas holdup as well as the bubble rise velocities of the respective bubble classes 

have not been studied. Thus, this paper aims on assessing the TBCA for BCRs with internals based on 

experimentally determined bubble characteristics in terms of size as well as class-specific rise velocities and 

holdups. To cope with the uncertainty of the DGD technique, we employed dual-plane ultrafast X-ray 

computed tomography (UFXCT) as an alternative and complementing technique to distinguish small and 

large bubbles based on the determined BSD. The predictive capability of the equations developed by 

Wilkinson et al.28 and Krishna and Ellenberger29 has been tested for BCRs without and with various 

internals. Eventually, modified correlations are proposed to account for the most relevant geometrical 

parameters of the internals.
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7

2 Experimental design and measurement methods

2.1 Bubble column setup and operating conditions

The experiments were performed in a cylindrical BCR of 0.1 m inner diameter and 2.0 m total height 

(Figure 2a). The gas was distributed via a perforated plate with 55 holes of 0.5×10-3 m diameter arranged 

in a triangular pitch (  = 0.01 m) resulting in an open area ratio of 0.14 %. Superficial gas velocities 𝑃

ranging from 0.02 to 0.14 m s-1 with increments of 0.02 m s-1 were precisely adjusted via two mass flow 

controllers (Omega, FMA-2608A and FMA-2611A) to cover homogeneous and heterogeneous flow 

regimes. In addition, experiments at 0.20 m s-1 were performed at well-developed heterogeneous flow 

conditions. For the sake of comparability with the empty column, all superficial gas velocities are based on 

the free area of the CSA, i.e. area not occupied by the tube bundle. Deionized water and air were used for 

the experiments and the unaerated liquid height was kept constant at 1.1 m for all experiments.

Figure 2: a) Photograph of the setup with images of the 3D-printed spacers and bottom parts as well as b) a schematic 
and rendered view of the UFXCT facility.

The differential pressure drop for the complementary DGD technique was measured at a temporal 

resolution of 1,000 Hz with a pressure transducer (PD40, Schneider Messtechnik GmbH) connected with 

pressure ports located 0.04 m and 0.89 m above the sparger.

2.2 Design of internals

The pitches of the internals were chosen according to the TEMA50 manufacturing instructions. For an 

effective heat transfer, the heat exchanger layout guidelines recommend a pitch-to-tube diameter ratio of 
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approx. 1.3. The number of tubes was chosen to ensure a large surface-to-volume ratio providing a heat 

removal capacity typical for the Fischer-Tropsch synthesis in BCRs. The area covered by the internals was 

adjusted at approx. 25 % regardless of tube size and tube pattern. Tubes of 8×10-3 m and 13×10-3 m outer 

diameter were arranged in square and triangular pitches. The geometrical details of the internals are 

summarized in Table 1.

Table 1: Summary of the tube layouts and their specification as well as their geometrical data.

Type

Square 8
(s8)

Triangular 8 
(t8)

Square 13 
(s13)

Triangular 
13 (t13)

Diameter (do) in ×10-3m 8.0 8.0 13.0 13.0

Pitch (P) in ×10-3m 11.0 11.5 17.5 18.5

Hydraulic diameter (dh) in ×10-3m 7.6 5.6 11.8 8.9

Sub-channel area (As) in ×10-6m2 70.7 32.1 173.5 81.8

Coverage (Ac) in % 24 24 23 23

Number of tubes (N) 37 37 13 13

It should be noted that the wall zone (dimensionless radius  ≥ 0.75) was kept free of internals to 𝑟/𝑅

ensure a better heat removal and an easier maintenance as suggested by others10,51. Since a rather narrow 

BCR was used, the geometrical details were down-scaled from larger columns. As scaling quantities, 

coverage, pitch-to-tube diameter and ratio of the free wall region were used. The tube bundles were tightly 

fixed with several 3D-printed spacer grids (see Figure 2a) installed at axial distances of 0.5 m. The distance 

between the bottom tube ends and the sparger plate was the same as the clearance between wall and 

bundle. To mimic industrial heat exchangers, a U-tube bottom design was also studied.

2.3 Ultrafast X-ray CT
The UFXCT (Figure 2b) was used to non-invasively visualize the gas phase structure in the cross-section 

including the sub-channels confined by the tubes at very high temporal resolution for subsequent bubble 

size analysis and class allocation. Contrary to conventional medical X-ray CT systems, an electron beam is 

rapidly swept along two circular paths on a tungsten target surrounding the column to create the moving 

X-ray spot at two heights of 11×10-3 m distance. A dual-plane detector ring comprising of 216 detector 

elements per plane measures the arriving intensities of the X-rays penetrating the BCR. X-ray scanning 

was performed at a frequency of 1,000 cross-sectional images per second for each plane, i.e. the total 
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measurement frequency was 2,000 Hz. More information on the principles and technical details of the 

UFXCT can be found elsewhere52–58.

3 Post-Processing

3.1 Image-processing

The raw data from the detector readings per beam revolution for each plane are reconstructed via filtered 

back-projection to obtain the raw image. Subsequently, these data are post-processed to derive phase 

fraction information (e.g. gas holdup) for every particular position, i.e. image pixel, in the CSA. In the first 

step, the raw images are normalized between empty as well as liquid-filled BCR, where values between 0 

(gas) and 1 (liquid) represent gas-liquid mixtures and values larger than 1 describe the column wall. Then, 

the empty column reference  is subtracted from the normalized data  and divided by the (𝛍𝐞) (𝛍𝐧)

difference of liquid filled  and empty BCR reference data, according to(𝛍𝐟)

𝛍𝐫 =
𝛍𝐧 ― 𝛍𝐞

𝛍𝐟 ― 𝛍𝐞
  .

(18)

The resulting data matrix for each plane is binarized using a global threshold value (0.65)59,60. The matrix 

has a stack size of 208 × 208 pixels (excluding the pixels outside the CSA and covered by the internal 

tubes) × 10,000 frames (according to the measurement time of 10 s at a frame rate of 1,000 frames s-1). 

Eventually, algorithms for the extraction of characteristic hydrodynamic data, such as gas holdup, bubble 

velocities, gas velocity and BSD are applied as explained below. 

3.2 Hydrodynamic data calculation

3.2.1 Total gas holdup

The total gas holdup is calculated based on the averaged gas holdup time series for every pixel of one 

plane within the CSA according to 

𝜀g =
∑𝑁f

𝑘 = 1
∑𝑁px

𝑗 = 1
∑𝑁py

𝑖 = 1𝛼i,j,k 

𝑁f ⋅ 𝑁px ⋅ 𝑁py
,  (19)

where  and  represent the number of valid pixels in the circular cross-section for x and y direction, 𝑁px 𝑁py

 is the number of frames and  describes the local gas holdup.𝑁f 𝛼i,j,k
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10

3.2.2 Bubble size distribution

The BSD is the most important characteristic of the dispersed gas phase to allocate bubbles to small and 

large bubbles classes, respectively. For the calculation of the BSD, individual bubbles were identified from 

the binarized 3D data matrix and labeled (see Figure 3). In order to cope with noise and artefacts, bubbles 

detected in less than three consecutive frames and smaller than four pixels were withdrawn from further 

analyses23,25,61.

Figure 3: Schematic flow chart for the determination of bubble characteristics from binarized image stacks.

Each bubble features a cluster of voxels. The physical voxel volume is defined as , where  𝑛b 𝑙2
V ⋅ 𝑣b ⋅ Δ𝑡 𝑙V

= 0.5×10-3 m is the voxel edge length,  1×10-3 s is the time between two subsequent frames (see Δ𝑡 =

Figure 3) and  is the bubble velocity. By applying cross-correlation algorithms to extract the average 𝑣b

bubble velocity, the volume of individual bubbles is calculated as

𝑉b = 𝑛b · 𝑙2
V ⋅ 𝑣b ⋅ Δ𝑡. (20)

Assuming an approximately spherical bubble shape, the hydraulic diameter can be calculated from the 

volume of an equivalent sphere as
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11

𝑑e = (6 𝑉b

π )
1
3
.  (21)

Further details on the post-processing of the UFXCT data for multiphase flows can be found 

elsewhere24,58–62.

3.2.3 Bubble rise velocity via bubble pairing 

The dual-plane configuration enables the detection of the bubble passage. Several algorithms are available 

to identify bubbles moving from one plane to the other based on their three-dimensional velocities63,64. 

For a reliable detection of the corresponding bubble pairs, the method of Furuya et al.64 was applied, 

which is based on three pre-defined thresholds, namely, a search radius ( =11×10-3 m), a volume change ∆𝑟

( =0.2) and a time lag ( ). The time lag is a function of the expected bubble velocity and was thus ∆𝑟v ∆𝑡

selected depending on the superficial gas velocity. Bubbles fulfilling these criteria are chosen as pairs.

4 Results

4.1 Assessment of classification approaches

In this section, the classification of the small and large bubbles is presented based on the DGD method 

and the UFXCT technique. Both methods are applied and the bubbles’ classification is compared.

4.1.1 Holdup classification via dynamic gas disengagement

Exemplarily, Figure 4 shows the DGD profiles for Square 8 (s8) configuration and empty BCR for a 

superficial gas velocity of 0.20 m s-1, which is in the fully developed heterogeneous flow regime22,65 

featuring small and large bubbles. Upon gas shut-off, mainly the large bubbles leave the reactor followed 

by the small bubbles. The small bubble class holdup can be determined based on the graphical separation. 
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12

Figure 4: Dynamic gas disengagement profiles for a) Square 8 (s8) configuration and b) empty column at superficial 
gas velocities of 0.20 m s-1 (dashed and solid lines represent possible graphical class separation).

Figure 4 illustrates the ambiguous graphical separation of small and large holdup classes (dashed and solid 

line) as discussed by Basha and Morsi46. For example, small bubble class holdups of 0.042 (dashed line) or 

0.096 (solid line) can be derived for the Square 8 (s8) configuration depending on the respective linear 

slope. Similar differences are obtained for the empty BCR (Figure 4b) and all other configurations with 

internals.  

4.1.2 Bubble classification via ultrafast X-ray tomography

As an alternative classification approach, BSD data from UFXCT are utilized to distinguish small and 

large bubbles based on their distribution characteristics. Derived BSD data for same experimental 

conditions as shown in the previous section (Square 8 (s8) configuration and empty bubble column at a 

superficial gas velocity of 0.20 m s-1) are exemplarily shown in Figure 5. 
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Figure 5: BDS and bubble class allocation at a superficial gas velocity of 0.20 m s-1 based on the log-normal distribution 
for bubbles with equivalent diameter below 0.02 m for a) Square 8 (s8) configuration and b) empty bubble column.

The BSDs feature the typical bimodal shape with a distinctive peak for the small bubbles and a widely 

scattering range for the large bubbles (Figure 5, upper row). The peak of the small bubbles can be 

described by the log-normal distribution26,31 according to

𝑓(𝑑e) =
1

𝜎𝑑e 2𝜋exp ( ―
(ln (𝑑e) ― 𝜇)2

2𝜎2 ).  (22)

Fitting the coefficients  and  of Equation 22 for the equivalent diameters up to 0.02 m (Figure 5, lower 𝜎 𝜇

row), the expectation value  of the small bubble diameter 𝑑e,E

𝑑e,E = exp(𝜇 +
𝜎2

2 )  (23)

can be utilized as the threshold separating small and large bubble classes. The average threshold bubble 

diameters for all configurations determined at superficial gas velocities from 0.08 m s-1 to 0.20 m s-1 

(representing the heterogeneous flow with bimodal bubble size distributions) are summarized in Table 2. 
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Following the basic concept of the TBCA, the threshold diameter should be independent from the 

superficial gas velocity, which is confirmed by the small deviation of the average thresholds. Thus, the 

classification approach can be considered as very reliable.

Table 2: Average threshold diameter for the small bubble class determined for BCRs with and without internals based 
on the log-normal distribution.

Configuration Threshold diameter

Empty (e) 10.8 ± 0.2×10-3 m

Square 8 (s8) 10.2 ± 0.3×10-3 m

Square u8 (su8) 10.5 ± 0.3×10-3 m

Triangular 8 (t8) 10.5 ± 0.4×10-3 m

Square 13 (s13) 12.5 ± 0.4×10-3 m

Triangular 13 (t13) 12.3 ± 0.3×10-3 m

Depending on the configuration, the determined average threshold bubble diameter are in the range from 

10×10-3 m to 12×10-3 m, which agrees fairly well with the definition of Maretto and Krishna44 and Maretto 

and Piccolo66. The bubbles allocation to the respective classes is visualized as pseudo 3D flow structures 

(stacked UFXCT images, where vertical axis represents the time) in Figure 6. Here, bubbles color-coded in 

blue and orange belong to small and large bubble class, respectively.
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Figure 6: Pseudo 3D flow structures incorporating the distribution of small and large bubbles for a superficial gas 
velocity of 0.20 m s-1.

The bubble allocation according to their size illustrates the flow structures for the configurations. For the 

empty BCR, the large bubbles preferably rise within the column’s core forming a helical flow structure 

followed by small bubbles trapped in their wakes, which confirms the flow description by Chen et al.67 

However, if internals are inserted, the flow structure changes and large bubbles rise preferably in the wall 

region on large helical paths. A larger portion of the small bubbles, in turn, is trapped within the tube 

bundle. Although the effect of tube pattern and sub-channel size on the flow structure is less distinct, the 

number of large bubbles is lower for the smaller tubes as already described by our previous study23.

4.1.3 Comparison of the classification methods

The comparison between the DGD approach and the new proposed method based on the UFXCT data is 

shown in Figure 7 for empty BCR as well as Square 8 (s8) configuration in terms of gas holdups as 

function of the superficial gas velocity. While total and small bubble class holdup values are directly 

obtained from the DGD, the respective gas holdups from UFXCT data are determined based on the 

described bubble size allocation. Data for the empty bubble column (  = 0.1 m) from Grund30 (obtained 𝐷

with the DGD approach) are also shown in Figure 7 to compare the results with the literature.

Figure 7: Comparison of total and small bubble class holdups obtained from UFXCT and DGD data as well as 
literature data (shaded area illustrates the DGD error range for the small bubble class holdup).

The shaded area illustrates the error range for the small bubble class holdup obtained via DGD caused by 

the different slopes (see Figure 4). The small bubble class data obtained via DGD (this work and from 
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Grund30) agree very well, however, deviate from the UFXCT results for the column with and without 

internals. Strongest deviations are observed for the transition between homogeneous and heterogeneous 

regime (0.03 m s-1 to 0.07 m s-1). For the empty BCR, the DGD strongly overestimates the small bubble 

class holdup due to faster rising large bubbles. These large and fast-rising bubbles in the column center 

entrain a large portion of small bubbles within their wakes. For the internals, the formation of such large 

bubbles is suppressed, thus better agreement between the results of the two measurement techniques. 

Beyond the subjective slope determination, the following tasks limit the reliability of the DGD technique:

 accuracy of the disengagement profile, while large bubbles leave the column,

 no proper allocation of entrained small bubbles within the large bubbles’ wakes,

 descending small bubbles, which follow the liquid circulation stream lines in the wall region after 

shut-off, and

 excess gas in the sparger chamber after shut off distort the DGD profile.

Thus, reliable classification based on UFXCT data is further utilized to analyze small and large bubble 

classes and their contribution in BCRs with and without internals. Accordingly, the threshold values in 

Table 2 are subsequently used to allocate the bubbles to small and large bubble classes and to further 

analysis their holdups and respective bubble rise velocities.

4.2 Large and small bubble holdups

Figure 8 summarizes small and large bubble class holdups for the experiments without and with internals 

(8 and 13 mm tubes). Furthermore, the correlations of Krishna and Ellenberger29 and Wilkinson et al.28 are 

applied (see Equations 9-17).
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Figure 8: Small and large bubble class holdups internals with a) 8 mm tubes, b) 13 mm tubes and without internals as 
well as comparison with literature correlations.

Based on the model assumption of the TBCA, the small bubble class holdup contribution should be 

constant after the regime transition onset. This concept agrees fairly well with the measurements for all 

internals with 8 mm tubes. However, a distinctive peak is obtained for the Square 8 (s8) configuration, at 

regime transition, which is caused by higher breakup frequencies. For the internals with larger tubes 

(13 mm) and the empty column, the small bubble class holdups continuously increase with increasing 

superficial gas velocity, even though with small slope. It should be noted that the sub-channel area mainly 

controls the bubble size, which eventually determines the holdup slope23,24. For the empty bubble column, 

the holdup increases with the superficial gas velocity due to higher local turbulence68. Therefore, with 
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every formed large bubble, shearing effects play an important role, which increase the small bubble class 

holdup. Furthermore, the TBCA assumes that larges bubbles are not formed before the onset of the 

regime transition, which is evident from Figure 8. For 0.02 m s-1 the large bubble class holdup contribution 

is almost negligible. However, the large bubble class holdup increases sharply at 0.04 m s-1 and moderately 

thereafter for all investigated configurations.

The correlation developed by Wilkinson et al.28 strongly underpredicts the small bubble class contribution, 

which was already discussed by Krishna and co-workers29,37. The correlation of Krishna and Ellenberger29, 

however, overpredicts the small bubble holdup. The highest deviation is obtained for the configurations 

with the 13 mm tubes. Here, the larger sub-channels promote slightly larger bubbles, which leads to a 

lower small bubble class contribution. The deviations between experimental data and predictions from 

Krishna and Ellenberger29 can be clearly attributed to the disadvantages associated with the DGD 

technique.

The large bubble class holdups fairly agree with the prediction by the correlation of Krishna and 

Ellenberger29. Logically, the over-prediction of the small bubble class results in under-predicted large 

bubble class holdups (and vice versa for the correlation of Wilkinson et al.28).

4.3 Bubble rise velocity 

To evaluate the bubble rise velocity of small and large bubble classes, the respective distributions were 

determined based on the bubble pairing algorithm by Furuya et al.64. Descending bubbles were discarded 

from the data processing. It should be mentioned that the ratio of descending bubbles was always below 

10 % and, thus, does not significantly bias the velocity distributions. The corresponding PDF of the large 

and small bubble velocity are shown in Figure 9 for Square 8 (s8) configuration and empty column at a 

superficial gas velocity of 0.20 m s-1.
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Figure 9: Class-specific bubble rise velocity based on the log-normal distribution at 0.20 m s-1 superficial gas velocity of 
for a) Square 8 (s8) configuration and b) empty column.

The expectation value for the bubble rise velocity, , is obtained from the log-normal distribution (in 𝑣b,E

analogy to Equations 22 and 23) of the small and large bubble velocity distributions. The bubble velocity 

distribution for the small bubble class is much narrower compared to the large bubble class with widely 

scattering size distribution (see Figure 5). The characteristic bubble rise velocities for small and large 

bubble classes are summarized in Figure 10.
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Figure 10: Characteristic bubble rise velocities of small and large bubble classes for internals with a) 8 mm tubes and b) 
13 mm tubes as well as empty bubble column.

With increasing superficial gas velocity, both, small and large bubble class velocities increase regardless of 

the configurations. Furthermore, as the large bubble diameters are expanding with increasing gas velocity, 

higher rise velocities occur. Additionally, small bubbles are entrained within the large bubbles’ wakes, 

which results in a faster small bubble class rise velocities, too. Therefore, contrary to the model 

assumptions by Wilkinson et al28 and Krishna and Ellenberger29, the small bubble rise velocity is 

increasing (as a result of the increasing average large bubble size).

The small bubbles’ rise velocity again depends on the sub-channel area. Contrary to internals with larger 

sub-channels and empty column, small sub-channels limit the bubbles size and, thus, the rise velocity. On 

the other hand, the sub-channel size (flow friction) and the free wall region ratio determine the large 

bubble class rise velocity. The flow friction increases with decreasing sub-channel area (e.g. Triangular 8 

(t8)), which leads to an increased bubble movement towards the column wall, where they form 

agglomerates (see Figure 6). This, in turn, accelerates the bubble coalescence near the wall, which results in 

fast-rising large bubbles. For large sub-channels, larger bubbles with a higher velocity are formed. For the 

empty column, the large bubble rise velocity is smaller compared to the configurations with internals as a 

result of the higher radial bubble exchanger, which is inhibited in BCRs with internals caused by the 

funneling or bubble caging effect.
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Figure 10 also compares the determined velocities with the prediction of Wilkinson et al.28. Here, the large 

bubble class velocity determined experimentally wrongly falls together with the prediction of the small 

bubble class velocity 

4.4 Determination of the regime transition onset

Typically, the onset of the regime transition is determined by means of Wallis plots69, swarm velocity 

plots70 or with stochastic methods22. Based on the TBCA, the average holdup can also be predicted using 

Equations 6 and 7. Here, the unknown regime transition velocity can be determined using the least square 

method based on available data for small and large bubble class rise velocity and the total gas holdup.

Table 3 summarizes the determined transition velocity for empty column and columns with internals. 

Nedeltchev et al.22,65 used exact the same setup (empty BCR and Square 8 (s8) configuration) to determine 

the regime transitions via statistical methods and reported transition velocities of 0.04 m s-1 for the empty 

BCR and 0.06 m s-1 for the Square 8 (s8) configuration. The results obtained with the inverse calculation 

method agree perfectly well with the transitions proposed by Nedeltchev et al.22,65. Thus, the method can 

be considered reliable providing that data for total gas holdup and bubble rise velocities at heterogeneous 

flow conditions are available.

Table 3: Regime transition velocities determined for all configurations based on the TBCA model according to 
Equations 6 and 7.

Configuration Transition velocity

Empty (e) 0.039 m s-1

Square 8 (s8) 0.059 m s-1

SquareU 8 (su8) 0.041 m s-1

Triangular 8 (t8) 0.034 m s-1

Square 13 (s13) 0.044 m s-1

Triangular 13 (t13) 0.046 m s-1

The results confirm that internals promote higher breakup frequencies and funneling effects that inhibit 

the large bubble formation, which, in turn, delays the regime transition. On the other hand, the 

Triangular 8 (t8) configuration promotes early onset of coalescence in the wall region due to an increased 

flow friction caused by small sub-channel areas.

4.5 New correlation for small and large bubble rise velocity and total gas holdup

The available correlations for small and large bubble rise velocity as well as for regime transition, large 

bubble class and total holdup do not properly account for the effects of the internals. In particular, the 
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distinct geometric parameters are not at all considered. The structure of new correlations follows the 

formulations used by Wilkinson et al.28. The area occupied by the internals, the sub-channel area as well as 

the hydraulic sub-channel diameter are the most significant parameters for the hydrodynamics of BCRs 

with internals23–25 and considered in terms of free area ratio and ‘sub-channel area’-to-‘sub-channel 

hydraulic diameter’-ratio in a dimensionless manner. Since gas and liquid properties were not varied in this 

study, same exponents as proposed by Wilkinson et al.28 were kept for the terms referring to fluid 

properties.

The new correlation for the small bubble class rise velocity is

𝑣𝑏,𝑠 = 52.25
𝜎𝑙

𝜂𝑙(𝜎l
3𝜌𝑙

𝑔𝜂𝑙 )
―0.273

(𝜌𝑙

𝜌𝑔)0.03( 𝑢2
𝑔

𝑔𝐷)
0.16

(1 ― 𝐴𝑐)7.8(𝐴s

𝑑2
h
)0.5

.
(25)

The large bubble class rise velocity is described as

𝑣𝑏,𝑙 =

𝜎𝑙

𝜂𝑙[𝜂𝑙𝑣𝑏,𝑠

𝜎𝑙
+ 0.02(𝜂𝑙(𝑢𝑔 ― 𝑢𝑡𝑟𝑎𝑛𝑠)

𝜎𝑙 )
0.032(𝜎l

3𝜌𝑙

𝑔𝜂𝑙 )
―0.077

(𝜌𝑙

𝜌𝑔)0.077

(1 ― 𝐴𝑐)
―2.3

(𝐴s

𝑑2
h
) ―0.16],

(26)

where the transition velocity is correlated as

𝑢𝑡𝑟𝑎𝑛𝑠 = 25.01𝑣𝑏,𝑠exp ( ―198.33𝜌 ―0.61
𝑔 𝜂0.5

𝑙 𝜎l
0.11)(1 ― 𝐴𝑐)4.63(𝐴s

𝑑2
h
) ―0.23

.
(27)

The large bubble class holdup is expressed as

𝜀𝑔,𝑙 = 1.95𝐷 ―0.18𝑢0.87
𝑔 (1 ― 𝐴𝑐)4.85(𝐴s

𝑑2
h
) ―0.16

.
(28)

The predictions of the new correlations are compared with the experimental data in Figure 11 by means of 

parity plots. 
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Figure 11: Comparison of experimental data with predictions of the new correlations (Equations 25 to28) for a) small 
and b) large bubble class rise velocities and c) large bubble class holdup as well as d) total gas holdup (Equations 6 
and 7).

Predicted and measured data for bubble velocities and large bubble class holdup agree well with an 

average error range of ±20 %. By the established equations, the total gas holdup can be calculated using 

the TBCA formulations described in Equations 6 and 7. The total gas holdup prediction agrees fairly well 

with an accuracy of ±30 %. 

5 Conclusions

The two-bubble class approach (TBCA) was applied to hydrodynamic data of BCRs with dense internals. 

Furthermore, the small and large bubble class correlations proposed by Wilkinson et al.28, Krishna and 

Ellenberger29 as well as the experimental data of Grund30 have been tested against the measurement data 
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of this work. As an alternative approach to the widely applied but rather inaccurate dynamic gas 

disengagement technique (DGD), ultrafast X-ray tomography (UFXCT) was used to divide bubble classes 

based on characteristic data of the determined bubble size and bubble velocity distributions. These 

characteristic data were further utilized to predict the regime transition velocity based on the TBCA.

Eventually, new correlations for small and large bubble rise velocity, large bubble holdup as well as the 

regime transition considering the most crucial tube bundle design parameters for BCRs with internals 

(sub-channel area, hydraulic diameter and occlusion area) have been developed and successfully tested for 

the prediction of the total gas holdup. 
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Nomenclature

Abbreviations
BCR bubble column reactor

BSD bubble size distribution

DGD dynamic gas disengagement

PDF probability density function

TBCA two-bubble class approach

UFXCT Ultrafast X-ray computed tomography

Symbols
covered fraction of the cross-sectional area, %𝐴c

sub-channel area, m2𝐴s

column diameter, m𝐷

equivalent bubble diameter, m𝑑e

expectation value for the equivalent bubble diameter of the log-normal distribution, m𝑑e,E

hydraulic sub-channel diameter, m𝑑h

tube outer diameter, m𝑑o

earth acceleration, m s-2𝑔

voxel edge length, m𝑙V

number of tubes, -𝑁

number of measurement frames, -𝑁f
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number of pixels within the circular cross-section in x and y direction, -𝑁pi

 number of bubbles, -𝑛b

pitch, m𝑃

column radius, m𝑅

radial coordinate, m𝑟

bubble volume change from first to second plane, -𝑟v

superficial large bubble class velocity, m s-1𝑢b,l

superficial small bubble class velocity, m s-1𝑢b,s

superficial gas velocity, m s-1𝑢g

large bubble class superficial velocity, m s-1𝑢g,l

small bubble class superficial velocity, m s-1𝑢g,s

 bubble volume, m3𝑉b

 bubble rise velocity, m s-1𝑣b

large bubble class rise velocity, m s-1𝑣b,l

expectation value for the large bubble rise velocity of the log-normal distribution, m s-1𝑣b,lE

small bubble class rise velocity, m s-1𝑣b,s

average small bubble class rise velocity, m s-1𝑣b,s

expectation value for the small bubble rise velocity of the log-normal distribution, m s-1𝑣b,sE

Greek symbols
phase fraction, -𝛼i,j,k

 specific pressure difference, N m-3Δ𝑃/Δ𝐻

 time difference, sΔt

total gas holdup, -𝜀g

large bubble class holdup, -𝜀g,l

small bubble class holdup, -𝜀g,s

gas holdup at regime transition onset, -𝜀trans

liquid viscosity, pas𝜂l

coefficient of the log-normal distribution, -μ

empty bubble column reference, -𝛍𝐞

full bubble column reference, -𝛍𝐟

normalized data, -𝛍𝐧

reference data, -𝛍𝐫

gas phase density, kg  m-3𝜌g

liquid phase density, kg  m-3𝜌l

coefficient of the log-normal distribution, -𝜎
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liquid surface tension, N m-1𝜎𝑙
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Figure 12: Graphical abstract
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Figure 1: Illustration of TBCA with characteristic flow regimes and gas holdup profile in the upper row and 
DGD profile below for the determination of regime transition and bubble class holdups according to Grund30. 
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Figure 2: a) Photograph of the setup with images of the 3D-printed spacers and bottom parts as well as b) a 
schematic and rendered view of the UFXCT facility. 
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Figure 3: Schematic flow chart for the determination of bubble characteristics from binarized image stacks. 
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