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Abstract

Quantitative predictions from synthetic radiation diagnostics require consideration of all accelerated particles. For
particle-in-cell (PIC) codes, this not only means including all macro particles but also taking into account the discrete
electron distribution associated with them. This paper presents a general form factor formalism that allows quantifying
the radiation from this discrete electron distribution. It enables computing the coherent and incoherent radiation self-
consistently. Furthermore, a memory-efficient implementation is discussed that allows PIC simulations with billions
of macro particles. The impact on the radiation spectra is demonstrated on a large scale LWFA simulation.

Keywords: particle-in-cell simulations, laser plasma acceleration, far field radiation, plasma physics, radiation
diagnostics

1. Particle-in-cell codes as synthetic diagnostic for
laser plasma accelerators

Laser plasma-based accelerators like laser wakefield
accelerators (LWFA) offer various advantages over con-
ventional accelerators such as their compact size due
to their orders of magnitude larger acceleration gra-
dient [1] resulting in GeV energy gains on centime-
ter scales [2–4], while allowing for compact electron
bunch size [5] and low beam emittance [6]. Since these
laser plasma accelerators operate in a highly nonlinear
regime, particle-in-cell (PIC) codes are essential for un-
derstanding the plasma dynamics in these experiments
[7, 8]. Making quantitative predictions on the measur-
able outcome of these experiments is done by so-called
synthetic diagnostics. An essential form of these syn-
thetic diagnostics are predictions on the radiation emis-
sions [9–25]. However, most of these simulations lack
quantitative predictions due to the small number of sam-
ple particles used (see [21] for details), but also due to
an inconsistent treatment of the discrete nature of the
electrons represented by macro particles in PIC codes.
This renders quantitative comparisons to experiments
impossible.
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The form factor formalism introduced in this paper
overcomes this issue.

2. Spectrally resolved far field radiation using
Liénard Wiechert potentials

The spectrally resolved far-field radiation emitted by
a single electron can be computed by using Liénard-
Wiechert potentials [26]. Based on the electrons posi-
tion ~r, velocity ~β and acceleration ~̇β over time, the en-
ergy emitted per unit frequency ω and unit solid angle
Ω in direction of the unit vector ~n computes as:

d2 I
d Ω dω

=
q2

16π3ε0c

∣∣∣∣∣∣∣∣
+∞∫
−∞

~A · χ d t

∣∣∣∣∣∣∣∣
2

(1)

with ~A =
~n×

[(
~n−~β

)
×~̇β

]
(
1−~β·~n

)2 and χ = eiω(t−~n·~r(t)/c) being the radia-

tion amplitude and complex phase while ε0, q, and c are
the vacuum permittivity, the electron charge and mass.

For multiple electrons, the phase-relation between the
various electrons needs to be taken into account by sum-
mation of the radiation amplitudes before taking the ab-
solute square in Eq. 1:
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with ~Ak and χk being the radiation amplitude and phase
of the kth electron of all Ne electrons considered. The
charge qk of each particle has been moved inside the
summation. This combined radiation calculation leads
to constructive and destructive interference depending
on the electron relative distribution, the observed fre-
quency, and the observation direction.

3. Applying form-factors to macro particles

3.1. Macro particle shapes in particle-in-cell codes
Particle-in-cell codes discretize the particle distribu-

tion function of the Vlasov equation using a finite num-
ber of sample particles [27, 28]. Due to the approxi-
mately hundred billion electrons that need to be con-
sidered in a common LWFA simulation, the number of
simulated particles is reduced by combining electrons
into so-called macro particles, that represent an ensem-
ble of electrons. These macro particles have a spatial
charge distribution, but only a singular momentum to
avoid a spatial separation of the charge distribution over
time. The common current deposition algorithms used
in PIC codes treat the macro particles as a continuous
charge distribution [29, 30]. Using smoother and thus
spatially more extended charge distributions for these
macro particles yields less numeric noise in the electro-
magnetic fields. A higher order charge distribution, that
work efficiently with the discretized fields in PIC codes,
can be computed by convolving an existing charge dis-
tribution with a box function with spatial extent equiva-
lent to a cell in the PIC code [27]

ρ(i+1)(~r) = ρ(i)(~r) ⊗ Π(~r) , (3)

with ρ(i)(~r) being the charge distribution of order i, and
Π(~r) being the box function. Starting with a delta-
distribution as a zeroth-order distribution ρ0 = δ(~r),
higher order shapes can be derived (see sec. 3.3).

3.2. Form factors for arbitrary particle distributions
In order to take into account the charge distribution

of a single macro particle, Eq. 1 needs to include an
integration over the charge distribution analogous to the
summation over all particles in Eq. 2.

d2 I
d Ω dω

=
1

16π3ε0c

∣∣∣∣∣∣∣∣
∫
V

dVρ(~r)

+∞∫
−∞

~A · χ d t

∣∣∣∣∣∣∣∣
2

(4)

Without loss of generality, we assume that the ob-
servation direction is parallel to the x-axis of the co-
ordinate system ~n = ~ex. Furthermore, the charge dis-
tribution ρ(~r) can be assumed to be located around

Figure 1: Various treatments of the macro particle charge distribution
and its influence on the incoherent radiation.

the position ~r0 = (x0, y0, z0). This allows integrating
ρ = ρ(x)ρ(y)ρ(z) over the other two axes spatially thus
reducing the spatial integration to:

+∞∫
−∞

d xρ(x)χ =

+∞∫
−∞

d xρ(x)eiω(t−x/c) (5)

= eiω(t−~n~r0/c) · F [ρ(x − x0)] (6)

with F [ρ] being the Fourier transform of the charge dis-
tribution. For a point like charge distribution, ρ(~r) =

δ(~r − ~r0), one ends up with Eq. 1. Since the entire
charge is located in one point, the emitted radiation is
completely coherent (Fig. 1).

For higher order charge distributions, the additional
factor from the Fourier transform leads to vanishing en-
ergies at high frequencies and any incoherent radiation
at these frequencies is neglected (Fig. 1). As an exam-
ple, the Fourier transform of the CIC particle shape with
spatial extent ∆ leads to F (ω) = ∆/c · sinc(ω∆/2c),
which results in vanishing intensities for frequencies
ω � 2c/∆, while for 0 ≤ ω < 2c/∆, the radiation is
similar to a point like charge distribution. Such particles
would not radiate at frequencies above ω � c/∆. Ob-
viously, this is physically not correct. In order to over-
come this numerical artifact, the discrete nature of the
electrons associated with a macro particle needs to be
taken into account.

If the macro particle represents N electrons ρ(~r) =
N∑

k=1
qeδ(~r − ~rk), Eq. 2 simplifies to
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with χ̄ = eiω(t−~n·~r0(t)/c) being the phase of a central po-
sition ~r0 of the particle distribution and χ̄k = eiω~n·~̂rk(t)/c)

being the additional phase correction with the relative
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position ~̂rk(t) = ~rk(t) − ~r0(t). Since a PIC code assumes
the relative position to be a time constant, one can sepa-
rate the sum over all phase corrections and define a form
factor F2.

F2(ω) =
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2

, (8)

This allows to simplify Eq. 7 by separating the dynamic
component of the macro particle motion from its static
charge distribution.
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Since the exact distribution of electrons in a plasma is
unknown, Eq. 8 cannot be evaluated exactly. A prob-
ability distribution function ψ(~rk) of a single electron
with index k can be assumed to be proportional to the
continuous charge distribution of a macro particle used
in the PIC model ψ(~rk) ∼ ρ(~r). The probability distri-
bution function of all N electrons modeled by a macro
particle is the product of all individual distributions

ψN(~r1,~r2, . . . ,~rN) =
N∏

k=1
ψ(~rk). This combined proba-

bility density allows to define a form factor F2(ω) by
averaging over all possible electron positions associated
with a macro particle.Without loss of generality, ~n = ~ex

can be assumed. The average form factor can thus be
computed by an N-dimensional integral.
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= N +
(
N2 − N

)
· (F (ρ(x)))2 (12)

where the first summand in Eq. 12 represents the inco-
herent and the second summand the coherent radiation
of the N electrons.

This equation was derived in [31] in the context of
accelerator beam diagnostics for determining the bunch
duration by measuring the coherent radiation cutoff (e.g.
experimentally used in [32–35]). To the best knowledge
of the authors, this is the first application of these form
factors on macro particles in PIC simulations. In con-
trast to these previous applications, in PIC simulations

both the coherent and the incoherent regime are equally
important and of interest as discussed in detail in section
4.

3.3. Integrating form factors in PIC codes
In PIC simulations, the number of electrons repre-

sented by a macro particle (the so-called weighting) can
vary for each macro particle. In order to evaluate Eq. 2
numerically, the following equation needs to be solved.

d2 I
d Ω dω

=
∆t

16π3ε0c
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j=0
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2

(13)

with Fk(ω) being the square root of the form factor of
the used particle shape at frequency ω according to the
weighting of macro particle k. The index j used in the
radiation amplitude ~A j,k and the complex phase χ j,k of
macro particle k indicate the value at time t = j · ∆t.

The most memory-efficient approach to solving this
equation within the particle-in-cell framework is to eval-
uate the inner sum for each time step. This requires
applying the form factor for each particle before sum-
mation. If memory is not a limitation, the form factors
can be applied after the time integration to each parti-
cle in a post-processing manner. This is however only
technically feasible for a small number of test particles,
not for billions of macro particles commonly used in
simulations. Applying the form factor in-situ during the
inner summation thus allows handling billions of macro
particles.

The common macro particle shapes in PIC codes
are cloud-in-cell (CIC), triangular-shaped density cloud
(TSC) and quadratic-spline density shape (QSC) [27].
Their shape and associated form factor F2 are listed
in table 1, with Π(x) being the rectangular function of
width ∆. Due to the convolution theorem, the form fac-

Table 1: List of common macro particle shapes ρ(x) in PIC codes and
their associated form factor F2(ω).

name ρ(x) F2(ω)

CIC Π(x)
(

∆
c · sinc

(
ω∆
2c

))2

TSC Π(x) ⊗ Π(x) = Λ(x)
(

∆
c · sinc

(
ω∆
2c

))4

QSC Λ(x) ⊗ Π(x)
(

∆
c · sinc

(
ω∆
2c

))6

Gauss exp
(
− x2

2σ2

)
σ2

c2 · exp
(
−ω

2σ2

c2

)
tor of these shapes is a higher power of the form factor
of the CIC shape. They all contain side lobes due to
the finite cut-off of the charge distribution. A physical
more realistic distribution would be a Gaussian charge
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Figure 2: The density distribution during the self-injection is plotted
alongside the entire trajectory of the macro particle selected for radi-
ation calculation. (LWFA simulation with laser: peak field strength
a0 = 5, duration τ = 30 fs, sport size w0 = 10 µm in ne = 1019 cm−3

plasma density)

distribution, also listed in table 1. It lacks the side lobes
in the transition between coherent and incoherent radia-
tion and can thus be considered more suited for explor-
ing radiation signatures where numerical peaks should
be avoided. For implementation in radiation damping
algorithms, the self consistent treatment with equivalent
shapes as used in the PIC algorithm should be used.

4. Coherent and incoherent radiation from laser
wakefield acceleration

In this section, an LWFA simulation performed with
the PIC code PIConGPU [36, 37] is presented to illus-
trate on a single electron trajectory that both coherent
and incoherent radiation is emitted by the same macro
particle and that not taking care of the scaling of both
regimes leads to overestimation of the incoherent radia-
tion. In this simulation, a plasma cavity is created into
which electrons are injected via self-injection. Fig. 2
illustrate the plasma dynamic during injection and the
trajectory of the sample macro particle for the entire
simulation time in a co-moving frame. During its en-
tire dynamic, the electron emits radiation at various fre-
quencies (Fig. 3). These are initially coherent, e.g. the
Thomson scattering of laser light, but become incoher-
ent during the betatron radiation in the x-ray frequency
range. Fig. 3 illustrate the various scalings of assuming
fully coherent, fully incoherent and a, with a form factor
adjusted, spectra. Not correcting the spectra would lead
to an overestimation of the energy emitted at high fre-
quencies. The form factor allows a quantitative correct
prediction.

Due to the 0.13 billion macro particles considered

100 101 102 103

[ 0]

10 31

10 29

10 27

10 25

10 23

d2 I
/d

d
[Js

]

coherent incoherent

Figure 3: The radiation spectra emitted by the sample macro particle
during an LWFA simulation. Using a form factor (bold line) allows
to quantify the transition between coherent (upper dashed line) and
incoherent scaling (lower dashed line).

in this simulation, a post-processing application of the
form factor would technically be not feasible.

5. Summary

In this paper, we derived form factors for commonly
used macro particle shapes that allow quantifying co-
herent and incoherent radiation in synthetic diagnos-
tic efficently and discussed an implementation in PIC
codes. On the example of an LWFA simulation, the
need for this more thorough treatment of the discrete
nature of the electrons represented by macro particles in
PIC codes was demonstrated.

Using these form factors in synthetic radiation diag-
nostics not only paves the way towards quantitative radi-
ation predictions from PIC codes that allow direct com-
parison with experiments, but also allows to predict the
brightness of plasma based light sources such as beta-
tron radiation or high harmonic generation.
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