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Dynamics of the homogeneous background
& the perturbed metric in Poisson gauge
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𝑑𝑠2 = 𝑎 𝜂 2 𝑑𝜂2 − 𝛿𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽

𝑔𝑖𝑘 = ҧ𝑔𝑖𝑘 + 𝛿𝑔𝑖𝑘

𝑑𝑠2 = 𝑎2 𝜂 1 + 2Ψ 𝑑𝜂2 + 2𝐵𝛼𝑑𝑥
𝛼𝑑𝜂 − 𝛿𝛼𝛽 1 − 2Φ 𝑑𝑥𝛼𝑑𝑥𝛽

3ℋ2

𝑎2
= 𝜅 ҧ휀 + Λ

2ℋ′ +ℋ2

𝑎2
= Λ

Friedmann eqn.s for the 𝚲CDM model 
for NR species only* :

• 𝜂: conformal time; 𝑐𝑑𝑡 = 𝑎𝑑𝜂
• 𝑎 𝜂 : scale factor
• 𝑥𝛼: comoving coordinates; 𝛼, 𝛽 = 1,2,3
• ℋ ≡ Τ𝑎′ 𝑎 ; ′ ≡ Τ𝑑 𝑑𝜂
• 𝜅 ≡ Τ8𝜋𝐺𝑁 𝑐4 ;

𝐺𝑁: Newtonian gravitational constant
• ҧ휀: average energy density



Stress-energy perturbations

We employ a system of point-like particles* described by the EMT
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𝑇𝑖𝑘 =

𝑛

𝑚(𝑛)𝑐
2
𝛿 (𝒓 − 𝒓𝑛)

−𝑔
𝑔𝑚𝑙

𝑑𝑥(𝑛)
𝑚

𝑑𝜂

𝑑𝑥(𝑛)
𝑙

𝑑𝜂

−1/2
𝑑𝑥(𝑛)

𝑖

𝑑𝜂

𝑑𝑥(𝑛)
𝑘

𝑑𝜂

𝑇0
0 =

𝑐2

𝑎3


𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

𝑇𝛽
𝛼 = 0



Stress-energy perturbations

We employ a system of point-like particles* described by the EMT

5

𝑇𝑖𝑘 =

𝑛

𝑚(𝑛)𝑐
2
𝛿 (𝒓 − 𝒓𝑛)

−𝑔
𝑔𝑚𝑙

𝑑𝑥(𝑛)
𝑚

𝑑𝜂

𝑑𝑥(𝑛)
𝑙

𝑑𝜂

−1/2
𝑑𝑥(𝑛)

𝑖

𝑑𝜂

𝑑𝑥(𝑛)
𝑘

𝑑𝜂

𝑇0
0 =

𝑐2

𝑎3


𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

𝑇𝛽
𝛼 = 0

𝜌 1 + 3Φ = ҧ𝜌 + 𝛿𝜌 + ҧ𝜌 + 𝛿𝜌 3Φ

1st order

Eingorn, M.,  ApJ 825, 84 (2016)



Stress-energy perturbations
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𝛿𝑇𝛼
0 = −

𝑐2

𝑎3


𝑛

𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛 𝑣 𝑛 𝛼
+

ҧ𝜌𝑐2

𝑎3
𝐵𝛼

Eingorn, M.,  ApJ 825, 84 (2016)



Stress-energy perturbations
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𝛿𝑇𝛼
0 = −

𝑐2

𝑎3


𝑛

𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛 𝑣 𝑛 𝛼
+

ҧ𝜌𝑐2

𝑎3
𝐵𝛼

• 𝜌(𝑛) ≡𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛
• 𝜌 ≡ ҧ𝜌 + 𝛿𝜌

• ҧ휀 =
ഥ𝜌𝑐2

𝑎3

•
𝑑𝑥(𝑛)

𝛼

𝑑𝜂
≡ 𝑣 𝑛

𝛼

Eingorn, M.,  ApJ 825, 84 (2016)



Stress-energy perturbations
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𝛿𝑇𝛼
0 = −

𝑐2

𝑎3


𝑛

𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛 𝑣 𝑛 𝛼
+

ҧ𝜌𝑐2

𝑎3
𝐵𝛼

𝜌(𝑛) 𝑣 𝑛 𝛼
ҧ𝜌 + 𝛿𝜌 𝐵𝛼

Eingorn, M.,  ApJ 825, 84 (2016)

• 𝜌(𝑛) ≡𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛
• 𝜌 ≡ ҧ𝜌 + 𝛿𝜌

• ҧ휀 =
ഥ𝜌𝑐2

𝑎3

•
𝑑𝑥(𝑛)

𝛼

𝑑𝜂
≡ 𝑣 𝑛

𝛼



Field equations 𝛿𝐺𝑖
𝑘 = 𝜅𝛿𝑇𝑖

𝑘

9

• Δ ≡
𝛿𝛼𝛽𝜕2

𝜕𝑥𝛼𝜕𝑥𝛽

• Π𝛼𝛽 ≡ 𝛿𝛾𝛼𝑇𝛽
𝛾
− 𝛿𝛼𝛽𝑇𝛾

𝛾
/3

• 𝜒 ≡ Φ −Ψ

for determining metric perturbations

∆Φ − 3ℋΦ′ − 3ℋ2Ψ =
𝜅𝑎2

2
𝛿𝑇0

0

1

4
Δ𝐵𝛼 +Φ′

,𝛼 +ℋΨ,𝛼 =
𝜅𝑎2

2
𝛿𝑇𝛼

0

𝐵 𝛾,𝜎
′ + 2ℋ𝐵 𝜎,𝛾 = 0

00 −

0𝛼 −

𝛼𝛽 −



Field equations 𝛿𝐺𝑖
𝑘 = 𝜅𝛿𝑇𝑖

𝑘
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for determining metric perturbations

∆Φ − 3ℋΦ′ − 3ℋ2Ψ =
𝜅𝑎2

2
𝛿𝑇0

0

1

4
Δ𝐵𝛼 +Φ′

,𝛼 +ℋΨ,𝛼 =
𝜅𝑎2

2
𝛿𝑇𝛼

0

00 −

0𝛼 −

𝛼𝛽 −

1 + 4Φ ∆Φ − 3ℋΦ′ + 3ℋ2 χ − Φ +
3

2
𝛿𝛼𝛽Φ,𝛼Φ,𝛽 = −

𝜅𝑎2

2
𝛿𝑇0

0

𝛿𝛼
𝛾
𝛿𝛽
𝜎 −

1

3
𝛿𝛾𝜎𝛿𝛼𝛽

× 𝐵 𝛾,𝜎
′ + 2ℋ𝐵 𝜎,𝛾 + χ,𝜎𝛾 − 2χΦ,𝜎𝛾 + 2Φ,𝜎Φ,𝛾 + 4ΦΦ,𝛾𝜎 = 𝜅𝑎2Π𝛼𝛽

Adamek, J., Daverio, D., Durrer, R., Kunz, M., JCAP 07, 053 (2016)   



The cosmic screening approach
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𝑃Φ

𝑃B

Eingorn, M., Yukselci, A.E. and Zhuk, A., Phys. Lett. B 826, 136911 (2022)   

L=1680 Mpc/h with
1 Mpc/h res.

starting from z=100



Helmholtz equations for Φ and 𝐵𝛼
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∆Φ −
3𝜅 ҧ𝜌𝑐2

2𝑎
Φ =

𝜅𝑐2

2𝑎
𝛿𝜌 −

3𝜅𝑐2ℋ

2𝑎
Ξ

∆𝐁 −
2𝜅 ҧ𝜌𝑐2

𝑎
𝐁 = −

2𝜅𝑐2

𝑎


𝑛

𝜌𝑛𝒗𝑛 − ∇Ξ

Ξ =
1

4𝜋


𝑛

𝑚𝑛

𝒗𝑛(𝒓 − 𝒓𝑛)

𝒓 − 𝒓𝑛
3

∆Ξ = ∇

𝑛

𝜌𝑛𝒗𝑛 →

Eingorn, M.,  ApJ 825, 84 (2016)
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∆Φ −
3𝜅 ҧ𝜌𝑐2

2𝑎
Φ =

𝜅𝑐2
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𝛿𝜌 −

3𝜅𝑐2ℋ

2𝑎
Ξ

∆𝐁 −
2𝜅 ҧ𝜌𝑐2

𝑎
𝐁 = −

2𝜅𝑐2

𝑎


𝑛
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Ξ =
1

4𝜋


𝑛
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𝒗𝑛(𝒓 − 𝒓𝑛)
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∆Ξ = ∇

𝑛

𝜌𝑛𝒗𝑛 →

Eingorn, M.,  ApJ 825, 84 (2016)



Solutions in the cosmic screening approach
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Φ =
1

3
−
𝜅𝑐2

8𝜋𝑎


𝑛

𝑚𝑛

𝒓 − 𝒓𝑛
exp −𝑞𝑛

+
3𝜅𝑐2ℋ

8𝜋𝑎


𝑛

𝑚𝑛 𝒗𝑛(𝒓 − 𝒓𝑛)

|𝒓 − 𝒓𝑛|

1 − 1 + 𝑞𝑛 exp(−𝑞𝑛)

𝑞𝑛
2

𝐁 =
𝜅𝑐2

8𝜋𝑎


𝑛


𝑚𝑛𝒗𝑛
|𝒓 − 𝒓𝑛|

3 + 2 3𝑞𝑛 + 4𝑞𝑛
2 exp(−2𝑞𝑛/ 3) − 3

𝑞𝑛
2

+ ൩
𝑚𝑛 𝒗𝑛 𝒓 − 𝒓𝑛

𝒓 − 𝒓𝑛
3 𝒓 − 𝒓𝑛

9 − 9 + 6 3𝑞𝑛 + 4𝑞𝑛
2 exp(−2𝑞𝑛/ 3)

𝑞𝑛
2

Eingorn, M.,  ApJ 825, 84 (2016)
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Φ =
1

3
−
𝜅𝑐2

8𝜋𝑎


𝑛

𝑚𝑛

𝒓 − 𝒓𝑛
exp −𝑞𝑛

+
3𝜅𝑐2ℋ

8𝜋𝑎


𝑛

𝑚𝑛 𝒗𝑛(𝒓 − 𝒓𝑛)

|𝒓 − 𝒓𝑛|

1 − 1 + 𝑞𝑛 exp(−𝑞𝑛)

𝑞𝑛
2

𝒒𝑛 𝜂, 𝒓 ≡
3𝜅 ҧ𝜌𝑐2

2𝑎
𝒓 − 𝒓𝑛 =

𝑎 𝒓 − 𝒓𝑛
𝜆

, 𝜆 ≡
2𝑎3

3𝜅 ҧ𝜌𝑐2
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Φ =
1

3
−
𝜅𝑐2

8𝜋𝑎


𝑛

𝑚𝑛

𝒓 − 𝒓𝑛
exp −𝑞𝑛

+
3𝜅𝑐2ℋ

8𝜋𝑎


𝑛

𝑚𝑛 𝒗𝑛(𝒓 − 𝒓𝑛)

|𝒓 − 𝒓𝑛|

1 − 1 + 𝑞𝑛 exp(−𝑞𝑛)

𝑞𝑛
2

𝒒𝑛 𝜂, 𝒓 ≡
3𝜅 ҧ𝜌𝑐2

2𝑎
𝒓 − 𝒓𝑛 =

𝑎 𝒓 − 𝒓𝑛
𝜆

, 𝜆 ≡
2𝑎3

3𝜅 ҧ𝜌𝑐2

∆Φ −
𝑎2

𝜆eff
2 Φ =

𝜅𝑐2

2𝑎
𝛿𝜌 , Φ =

1

3

𝜆eff
𝜆

2

−
𝜅𝑐2

8𝜋𝑎


𝑛

𝑚𝑛

|𝒓 − 𝒓𝑛|
exp −

𝑎|𝒓 − 𝒓𝑛|

𝜆eff

1

𝜆eff
2 =

3

𝑐2𝑎2𝐻
න

𝑑𝑎

𝑎3𝐻3

−1

Canay, E., Eingorn, M.,  PDU 29, 100565 (2020)
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I. Horváth, D. Szécsi, J. Hakkila , Á. Szabó, I. I. Racz, L. V. Tóth, S. Pinter , Z. Bagoly, 
MNRAS, 498(2), 2544 (2020)

Canay, E., Eingorn, M.,  PDU 29, 100565 (2020)



Stress-energy perturbations - revisited

* 𝑐 = 1, 𝑣 𝑛
𝛼 → 𝑞(𝑛)

𝛼

18

𝑇0
0 =

1

𝑎3


𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)
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* 𝑐 = 1, 𝑣 𝑛
𝛼 → 𝑞(𝑛)

𝛼

19

𝑇0
0 =

1

𝑎3


𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

=
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 +
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
4𝑞(𝑛)

2 + 3𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
Φ

𝑇0
0 =

1

𝑎4


𝑛

𝛿 (𝒓 − 𝒓𝑛) 𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2 1 + 3Φ +
𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ
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* 𝑐 = 1, 𝑣 𝑛
𝛼 → 𝑞(𝑛)

𝛼

20

𝑇0
0 =

1

𝑎3


𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

=
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 +
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
4𝑞(𝑛)

2 + 3𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
Φ

𝑇0
0 =

1

𝑎4


𝑛

𝛿 (𝒓 − 𝒓𝑛) 𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2 1 + 3Φ +
𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ

𝑇0
0 = −

1

𝑎4


𝑛

𝛿 (𝒓 − 𝒓𝑛) 𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2 1 + 3Φ +
𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ+ 𝑞(𝑛)
𝛼 𝐵𝛼

Brilenkov, M., Canay, E. and Eingorn, M., arXiv:2206.13495v1 [gr-qc]

Adamek, J., Daverio, D., Durrer, R., Kunz, M., JCAP 07, 053 (2016)   
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=
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 +
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
4𝑞(𝑛)

2 + 3𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
Φ

1

𝑎4
σ𝑛 𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛

2 +𝑚 𝑛
2 𝑎2 ≡ ҧ휀 →

3ℋ2

𝑎2
= 𝜅 ҧ휀 + Λ

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 − ҧ휀



Stress-energy perturbations - revisited
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=
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 +
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
4𝑞(𝑛)

2 + 3𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
Φ

1

𝑎4
σ𝑛 𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛

2 +𝑚 𝑛
2 𝑎2 ≡ ҧ휀 →

3ℋ2

𝑎2
= 𝜅 ҧ휀 + Λ

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 − ҧ휀

1st order
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=
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 +
1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
4𝑞(𝑛)

2 + 3𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
Φ

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 − ҧ휀

1st order

∆Φ − 3ℋΦ′ − 3ℋ2Ψ =
𝜅𝑎2

2
𝛿𝑇0

0



24

𝑇𝛼
0 = −

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞(𝑛)𝛼

1

4
∆𝐵𝛼 +Φ′

,𝛼 +ℋΨ,𝛼 =
𝜅𝑎2

2
𝛿𝑇𝛼

0
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𝑇𝛽
𝛼 = 0
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𝑇𝛽
𝛼 = 0

𝑇𝛽
𝛼 = −

𝛿𝛼𝛾

𝑎4


𝑛

𝛿 (𝒓 − 𝒓𝑛)
𝑞(𝑛)𝛾

𝑞(𝑛)𝛽

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2

−
1

3𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
𝑞(𝑛)
2 4𝑞(𝑛)

2 + 5𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
3/2

𝛿𝛽
𝛼Φ
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𝑇𝛽
𝛼 = 0

𝑇𝛽
𝛼 = −

𝛿𝛼𝛾

𝑎4


𝑛

𝛿 (𝒓 − 𝒓𝑛)
𝑞(𝑛)𝛾

𝑞(𝑛)𝛽

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2

−
1

3𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛
𝑞(𝑛)
2 4𝑞(𝑛)

2 + 5𝑚 𝑛
2 𝑎2

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
3/2

𝛿𝛽
𝛼Φ

Ψ = Φ −
3𝜅

16𝜋𝑎2


𝑛

𝑞(𝑛)𝛾
𝑞(𝑛)𝛽

− 𝑞 𝑛
2 𝛿𝛽𝛾/3

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2

𝑥𝛾 − 𝑥 𝑛
𝛾

𝑥𝛽 − 𝑥 𝑛
𝛽

|𝒓 − 𝒓𝑛|
3

• 𝜒 ≡ Φ −Ψ



Helmholtz equations for Φ and 𝐵𝛼
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∆Φ −
𝑎2

𝜆2
Φ =

𝜅𝑎2

2

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 − ҧ휀 −
3𝜅ℋ

2𝑎
Ξ

Ξ =
1

4𝜋𝑎


𝑛

𝑞 𝑛
𝛼 𝑥𝛼 − 𝑥 𝑛

𝛼

𝒓 − 𝒓𝑛
3
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∆Φ −
𝑎2

𝜆2
Φ =

𝜅𝑎2

2

1

𝑎4


𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2 − ҧ휀 −
3𝜅ℋ

2𝑎
Ξ

Ξ =
1

4𝜋𝑎


𝑛

𝑞 𝑛
𝛼 𝑥𝛼 − 𝑥 𝑛

𝛼

𝒓 − 𝒓𝑛
3

𝜆 ≡
2𝑎3

3𝜅 ҧ𝜌

𝑎

3(ℋ2 −ℋ′)
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𝑞′(𝑛)𝛼
= − 𝑞 𝑛

2 +𝑚 𝑛
2 𝑎2Ψ,𝛼 −

𝑞 𝑛
2 Φ,𝛼

𝑞 𝑛
2 +𝑚 𝑛

2 𝑎2
− 𝑞(𝑛)𝛾

𝐵𝛾,𝛼

Brilenkov, M., Canay, E. and Eingorn, M., arXiv:2206.13495v1 [gr-qc]

𝑣(𝑛)𝛼
=

𝑞(𝑛)𝛼

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2
1 + Ψ +

𝑞(𝑛)𝛼

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2
2 −

𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ+ 𝐵𝛼
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