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FIG. 3: (Color online) The 13 precision superallowed (a) ft and (b) Ft values, using the
Woods-Saxon isospin-symmetry-breaking corrections of Towner and Hardy [4]. The average Ft
= 3072.38(75) s is indicated by the horizontal lines and has a χ2/ν value of 0.31.
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Precision
•exact theoretical description

•even for non-ideal traps

•off-line tests with stables

L.S. Brown and G. Gabrielse, Rev. Mod. Phys. 58, 233 (1986)
G. Bollen et al., J. Appl. Phys. 88, 4355 (1990)
M. König et al., Int. J. Mass Spect. 142, 95 (1995)
M. Kretzschmarr, Int. J. Mass Spect. 246, 122 (2007)

G. Bollen et al., J. Appl. Phys. 88, 4355 (1990)

Accuracy
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http://www.sciencedirect.com/science/journal/01681176
http://www.sciencedirect.com/science/journal/01681176
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Figure 1: (colour on-line) The TITAN experimental setup which includes a RFQ, a high-
precision Penning trap, an EBIT, a time-of-flight gate and an off-line ion source. a) Shown
in red is the path of the beam when mass measurement on singly charged ions (SCI) is
performed. b) In blue is the path for highly charged ions (HCI) mass measurement.

cause the precision of mass measurements performed using Penning traps
linearly increases with the charge state.

The high-precision mass measurements carried out at TITAN (shown in
figure 1) are achieved through a series of steps. First, the continuous ion
beam from ISAC (Isotope Separator and ACcelerator) is delivered to TI-
TAN where it is cooled and bunched using a gas-filled linear radio-frequency
quadrupolar (RFQ) trap [26]. The subsequent step depends on whether a
mass measurement is performed using singly charged ions (SCI), or highly
charged ions. The ions can either be transferred to an electron-beam ion trap
(EBIT) [27, 28], where charge breeding takes place (blue path in figure 1),
or sent directly to the Penning trap (MPET) where the mass of the ion of
interest is determined (red path in figure 1).

Precision and accuracy are critical for high impact mass measurement in
particular for experiments where relative uncertainty on the level of δm/m ≤
5×10−9. Therefore, it is critical to ensure that the TITAN Penning trap
can accurately perform mass measurement at this level of precision. This
paper gives a detailed description of the TITAN Penning trap and documents
the various systematic studies performed in order to ensure reliable mass

3

Simulation and Testing of a Bradbury-Nielsen Gate TRIUMF 2010

d (µm) Transmission (%) Slope %
V

20 90.9± 0.3 �0.0006± 0.0004
42 95.4± 0.3 �0.0005± 0.0003
58 96.7± 0.3 �0.0004± 0.0003

71.5 97.1± 0.3 �0.0003± 0.0003

3 Mechanical Parts

3.1 Pictures

Figure 13 and Figure 14 are pictures of the assembled Bradbury-Nielsen gate
before it was mounted on a flange and installed in the beam line.

Figure 13: Frame with a 42 mil wire spacing.

11

Bradbury-Nielsen

⌫c =
1

2⇡

q

m
B

systematics: < 5ppb possible
M. Brodeur et al, PRC 80, 044318 (2009)
M. Brodeur et al., IJMS 310, 20 (2012)

Penning traps: 
• highest precision
• down to T1/2 < 10 ms
 (11Li T1/2 = 8.8 ms @ TITAN)

M. Smith et al., PRL 101, 202501 (2008)

TITAN @ TRIUMF

A typical 11Li resonance is shown in Fig. 2. The data
were analyzed following as closely as possible the well
established procedure of the ISOLTRAP experiment [16]
and the central frequency was found from a fit of the
theoretical line shape (as illustrated) [18]. To obtain this
resonance an excitation time of two half-lifes (18 ms) was
used. The theoretical line width of the 11Li resonance is
given as ! ! 1=Trf ¼ 56 Hz. The resonance shown in
Fig. 2 has a line width of approximately 60 Hz which is
close to this theoretical limit. Measurements of the masses
of 8;9Li were also made, using a 48 ms excitation time. The
results for the frequency ratios for these lithium isotopes
are shown in Table I. From these ratios new values for the
mass excess of these isotopes were derived using the recent
SMILETRAP measurement of the mass excess of 6Li,
!ð6LiÞ ¼ 14 086:882ð37Þ keV [24]. The quoted values in-
clude a systematic error which takes into account both
linear (!m=m ¼ 2% 10&9) and nonlinear (!m=m ¼ 7%
10&9) drifts of the magnetic field which where added in
quadrature to the statistical uncertainty. The effects of
deviations from the ideal electric and magnetic fields
were also explicitly probed by measurement of a range of
nuclei (4<m< 39 u), with respect to 6Li, in all cases
agreement, within error bars, was obtained between the
TITAN measurements and the literature values [see
Fig. 1(b)]. An upper limit on these effects was then derived
from the uncertainty in the TITAN measurements as
!m=m ¼ 1:5% 10&9 per mass unit difference between

the measured and reference ions (i.e., 7:5% 10&9 for
11Li). This was added linearly into the final error budget.
Using these mass measurements the two-neutron sepa-

ration energy, S2n, of
11Li was calculated to be 369.15

(65) keV. Figure 3 shows this new value along with those
calculated from all previous mass measurements of 11Li.
The value from CERN-PS [25] was obtained using a
magnetic dipole mass spectrometer. The TOFI-LANL
[26] result is a time-of-flight measurement of a fragmented
beam using an isochronous mass spectrometer. The KEK
[27] result is a 11Bð"&;"þÞ11Li reaction Q value and the
MSU [28] result is derived from the Q value of the
14Cð11B; 11LiÞ14O reaction. The previous best result was
achieved at ISOLDE by the transmission spectrometer
MISTRAL [29]. The MAYA experiment (also carried out
at TRIUMF) used an active target to study the 11Liðp; tÞ9Li
reaction [30]. The new 9Li value can be seen to be ten
times more accurate than the literature value and both the
values for 8;9Li show good agreement with previous
measurements.
Although in good agreement with the TOFI-LANL and

KEK results the MISTRAL measurement shows over two
sigma deviation from the MSU result. Analysis of recent
measurements of both the soft-dipole excitation, via in-
variant mass spectrometry, and the charge radius, via iso-
tope shifts, of 11Li requires the mass. However, due to this
uncertainty in the mass the invariant mass spectrometry
data were analyzed using the AME03 value whereas the
isotope-shift measurements used the MISTRAL result. It
was reported in [8] that using the MISTRAL result for the
11Li mass would enhance the total E1 strength by 6%.
Using the AME mass value for 11Li (11:043 798ð21Þ u)
in the analysis of the isotope-shift measurement results in a
charge radius of 2.465(19)(30) fm, where the first uncer-
tainty comes from the isotope-shift measurement, and the
second from the 7Li reference radius of 2.39(3) fm [31].

TABLE I. Frequency ratios, r ¼ #ref=#c, for
8;9;11Li and the

derived mass excesses, !. Also shown are the AME03 values for
the mass excesses for comparison [23]. The 8Li literature value is
derived by adding the average Q value for the 7Liðn;$Þ8Li
reaction (as given in [23]) to the recent SMILETRAP measure-
ment of the mass of 7Li [24].

Isotope r !TITAN (keV) !Lit (keV)

8Li 1:333 749 862ð18Þ 20 945.80(11) 20 945.799(65)
9Li 1:500 728 256ð34Þ 24 954.91(20) 24 954.3(19)
11Li 1:836 069 26ð11Þ 40 728.28(64) 40 797(19)

FIG. 3 (color online). 11Li two-neutron separation energies
derived from previous mass measurements: CERN-PS [25];
TOFI-LANL [26]; KEK [27]; MSU [28]; MISTRAL-ISOLDE
[29]; MAYA [34] and TITAN [this work]. All shown with respect
to the 2003 atomic mass evaluation [23]. The second gray line
shows the weighted average of all the values (which is essentially
identical to the TITAN result). The three most recent results are
shown inset on an expanded scale for better comparison.

FIG. 2 (color online). A typical 11Li resonance collected over
30 min, containing approximately 1000 ions. Here #c ¼
5 147 555 Hz. The solid line is a fit of the theoretical curve
[18] to the data.

PRL 101, 202501 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

14 NOVEMBER 2008

202501-3
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M. Brodeur et al., Phys. Rev. Lett. 108, 052504 (2012) 
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High Precision Atomic Theory for Li and Be!: QED Shifts and Isotope Shifts

Z.-C. Yan,1,*,† W. Nörtershäuser,2,‡ and G. W. F. Drake3,x

1Department of Physics, University of New Brunswick, Fredericton, New Brunswick, Canada E3B 5A3
2Gesellschaft für Schwerionenforschung mbH, D-64291 Darmstadt, Germany

3Physics Department, University of Windsor, Windsor, Ontario, Canada N9B 3P4
(Received 27 March 2008; published 18 June 2008)

High-precision results are presented for calculations of the nonrelativistic energies, relativistic
corrections, and quantum electrodynamic corrections for the 2 2S, 2 2P, and 3 2S states of Li and Be!,
using nonrelativistic wave functions expressed in Hylleraas coordinates. Bethe logarithms are obtained for
the states of Be!. Finite mass corrections are calculated with sufficient accuracy to extract the nuclear
charge radius from measurements of the isotope shift for the 2 2S" 2 2P and 2 2S" 3 2S transitions. The
calculated ionization potential for Be! is 146 882:923# 0:005 cm"1.

DOI: 10.1103/PhysRevLett.100.243002 PACS numbers: 31.15.A", 32.10.Fn

The past few years have seen remarkable advances in
our ability to achieve spectroscopic accuracy for the en-
ergies and transition frequencies of lithium and the lith-
iumlike ions (or more generally four-body systems). The
dominant sources of uncertainty are the higher-order quan-
tum electrodynamic (QED) corrections, rather than the
accuracy of calculations for the basic nonrelativistic en-
ergy and leading relativistic corrections. This work builds
on the much longer history of high-precision calculations
for helium and other three-body systems [1–3]. Here we
present results suitable for the interpretation of QED shifts
and isotope shifts in Li and Be!

The key to obtaining high-precision results that are
essentially exact for all practical purposes (in the sense
that hydrogenic wave functions and energies are ‘‘exact’’)
is the use of explicitly correlated variational wave func-
tions in Hylleraas coordinates. This is a specialized method
that has been fully implemented only for the two- and
three-electron cases [4–6]. The results are more accurate
by many orders of magnitude than the well-known and
generally applicable methods of atomic physics, such as
configuration interaction. The high accuracy opens the
possibility of using the results in combination with high-
precision experiments to create unique measurement tools.
A prime example is the use of the calculated isotope shift in
combination with isotope shift measurements to determine
the nuclear charge radius of short-lived halo nuclei such as
6He, 8He, and 11Li [7,8]. New experiments are in progress
at GSI [9] and at RIKEN [10] for 11Be!, where the isotope
shift in the 2 2S1=2 " 2 2PJ transitions will be used.
Another example is the testing of the higher-order relativ-
istic and QED corrections to the transition frequencies in
atomic systems more complicated than hydrogen. The
theory of these effects is still under active development
[11–13]. The Bethe logarithm that appears in the lowest-
order electron self-energy [14,15] remains one of the most
difficult parts of the calculation.

In a previous sequence of papers [1,16–19], we have
obtained high-precision results for transitions among the

2 2S1=2, 2
2PJ, and 3 2S1=2 states of lithium. More recently,

Puchalski et al. [20] have confirmed these results and
improved the accuracy of the relativistic recoil corrections.
They have also obtained a significant correction to the
isotope shift in the case of 11Li due to nuclear polarization.
In the present work, we present high-precision results for
the low-lying states of Be!. The results will form the
theoretical basis for the interpretation of the planned iso-
tope shift measurements [9,10] in terms of the nuclear
charge radius for the radioactive isotopes 7Be, 10Be, and
11Be relative to stable 9Be. The 11Be case is especially
important and interesting because it is the simplest ex-
ample of a halo nucleus containing just a single halo
neutron. We also improve our previous results for Li by
using much larger basis sets containing up to 9577 terms,
and by implementing an absolutely convergent method
[21] to eliminate numerical instabilities in the calculation
of slowly convergent integrals required for the hp4i term in
the Breit interaction. This brings our results into agreement
with those of Pachucki et al. [20] for Li.

For our purposes, the three key parameters controlling
the energy levels are !, ", and !rc, where ! is the fine
structure constant, " $ #=M % m=&m!M' is the ratio of
the reduced electron mass to the nuclear mass, and !rc is the
rms nuclear charge radius for a particular isotope. In terms
of these parameters, the theoretical contributions to the
energy levels of an atom or ion such as Be! can be
expanded in the form

 

E $ E&0'
NR ! "E&1'

NR ! "2E&2'
NR ! !2&E&0'

rel ! "E&1'
rel '

! !3&E&0'
QED ! "E&1'

QED' ! !4&E&0'
ho ! "E&1'

ho '
! !r2c&E&0'

nuc ! "E&1'
nuc' ! ( ( ( (1)

in units of !2#c2 $ !2&1" "'mc2, where the subscripts
denote the nonrelativistic energy (NR), relativistic correc-
tions (rel), quantum electrodynamic corrections (QED),
higher-order QED corrections (ho), and finite nuclear

PRL 100, 243002 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
20 JUNE 2008

0031-9007=08=100(24)=243002(4) 243002-1 © 2008 The American Physical Society

with nuclear mass:

δm < 1keV 

for He, Li, Be: MS ∼10 GHz ⇔  FS  ∼1 MHz

high precision atomic physics calculation
G. W. F. Dranke, Nucl. Phys. A737, 25 (2004)
Z.-C. Yan et al., PRL 100, 243002 (2008)

Mass Shift

P. Mueller et al., PRL 99, 252501 (2007)

S2n = m(Z,N � 2) + 2mn

�m(Z,N)

see talks Friday morning
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GFMC method as well as an uncertainty in the 3N force
models used [the Illinois 2 and 6 (IL2 and IL6) three-body
forces were used with the Argonne v18 (AV18) NN poten-
tial] [11]. The comparison of the experimental range to
theory clearly demonstrates the importance of including
and advancing 3N forces. The theoretical results shown in
Fig. 2 based on NN interactions only are consistently at
lower S2n and smaller rpp values. The NN-only calcula-

tions include the fermionic molecular dynamics (FMD)
results based on the unitary correlation operator method
(UCOM) NN potential and a phenomenological term (to
account for three-body physics) [13], the no-core shell
model (NCSM) results based on the charge-dependent
(CD) Bonn and inside nonlocal outside Yukawa tail
(INOY) NN potentials [12], and variational microscopic
cluster model (MCM) results based on the Minnesota
(MN) and MN without spin-orbit (MN-LS) NN potentials
[14]. Figure 2 also shows the importance of comparing
theoretical predictions to more than one observable. To
illustrate this, both NCSM (using CD Bonn) and the
GFMC results show a good agreement for the point-proton
radius, while the NCSM result has a large error for S2n and
tends to underpredict the two-neutron separation energy.

In addition, we present new effective interaction hyper-
spherical harmonics (EIHH) results [15] based on chiral
low-momentum NN interactions Vlow k [33]. In the EIHH
approach the wave function falls off exponentially by
construction, making it ideally suited for the study of
halo nuclei (for calculational details see [15]). The ob-
tained energies and radii are converged within the few-
body calculational uncertainty given by the error bars. The
three EIHH results shown in Fig. 2 are for different NN

cutoff scales ! ¼ 1:8, 2.0, and 2:4 fm"1. The running of
observables with ! is due to neglected many-body forces.
The EIHH results lie on a line indicated in Fig. 2, leading to
a decreasing S2n and increasing rpp, that does not go
through the experimental range. Such a correlation is ex-
pected, because a smaller S2n stretches out the core [7].
This correlation is also similar to the Phillips and Tjon
lines in few-body systems [34], which arise from strong
NN interactions (large scattering lengths). Three-body
physics manifests itself as a breaking from this line or
band. The correlation is also supported by the variational
MCM results. A key future step will be to include chiral 3N
forces in the EIHH calculations.
We have presented the first direct mass measurement of

the two-neutron halo nucleus 6He and a more precise mass
value for the four-neutron halo 8He. Both measurements
where performed using the TITAN Penning trap mass
spectrometer. While the 8He mass value is 1:7! within
the AME03 [8], the 6He mass deviates by 4!. The new
masses lead to improved values of the charge (and point-
proton) radii and the two-neutron separation energies,
which combined provide stringent tests for three-body
forces at neutron-rich extremes.
This work was supported by the Natural Sciences and

Engineering Research Council of Canada (NSERC) and
the National Research Council of Canada (NRC). We
would like to thank the TRIUMF technical staff, especially
Melvin Good. S. E. acknowledges support from the Vanier
CGS program, T. B. from the Evangelisches Studienwerk
e.V. Villigst, D. L. from TRIUMF during his sabbatical,
and A. S. from the Helmholtz Alliance HA216/EMMI.

*Corresponding author.
brodeur@nscl.msu.edu
†Present address: National Superconducting Cyclotron
Laboratory, Michigan State University, East Lansing, MI
48824, USA.
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FIG. 2 (color online). Correlation plot of the 6He point-proton
radius rpp versus two-neutron separation energy S2n. The experi-
mental range (bar) is compared to theory based on different
ab initio methods using different NN interactions only (open
symbols) and including 3N forces fit to light nuclei (filled
symbols). The ab initio methods are indicated in the legend
and the nuclear forces next to the symbols (for details see text).
Theoretical error bars are shown where available.
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GFMC method as well as an uncertainty in the 3N force
models used [the Illinois 2 and 6 (IL2 and IL6) three-body
forces were used with the Argonne v18 (AV18) NN poten-
tial] [11]. The comparison of the experimental range to
theory clearly demonstrates the importance of including
and advancing 3N forces. The theoretical results shown in
Fig. 2 based on NN interactions only are consistently at
lower S2n and smaller rpp values. The NN-only calcula-

tions include the fermionic molecular dynamics (FMD)
results based on the unitary correlation operator method
(UCOM) NN potential and a phenomenological term (to
account for three-body physics) [13], the no-core shell
model (NCSM) results based on the charge-dependent
(CD) Bonn and inside nonlocal outside Yukawa tail
(INOY) NN potentials [12], and variational microscopic
cluster model (MCM) results based on the Minnesota
(MN) and MN without spin-orbit (MN-LS) NN potentials
[14]. Figure 2 also shows the importance of comparing
theoretical predictions to more than one observable. To
illustrate this, both NCSM (using CD Bonn) and the
GFMC results show a good agreement for the point-proton
radius, while the NCSM result has a large error for S2n and
tends to underpredict the two-neutron separation energy.

In addition, we present new effective interaction hyper-
spherical harmonics (EIHH) results [15] based on chiral
low-momentum NN interactions Vlow k [33]. In the EIHH
approach the wave function falls off exponentially by
construction, making it ideally suited for the study of
halo nuclei (for calculational details see [15]). The ob-
tained energies and radii are converged within the few-
body calculational uncertainty given by the error bars. The
three EIHH results shown in Fig. 2 are for different NN

cutoff scales ! ¼ 1:8, 2.0, and 2:4 fm"1. The running of
observables with ! is due to neglected many-body forces.
The EIHH results lie on a line indicated in Fig. 2, leading to
a decreasing S2n and increasing rpp, that does not go
through the experimental range. Such a correlation is ex-
pected, because a smaller S2n stretches out the core [7].
This correlation is also similar to the Phillips and Tjon
lines in few-body systems [34], which arise from strong
NN interactions (large scattering lengths). Three-body
physics manifests itself as a breaking from this line or
band. The correlation is also supported by the variational
MCM results. A key future step will be to include chiral 3N
forces in the EIHH calculations.
We have presented the first direct mass measurement of

the two-neutron halo nucleus 6He and a more precise mass
value for the four-neutron halo 8He. Both measurements
where performed using the TITAN Penning trap mass
spectrometer. While the 8He mass value is 1:7! within
the AME03 [8], the 6He mass deviates by 4!. The new
masses lead to improved values of the charge (and point-
proton) radii and the two-neutron separation energies,
which combined provide stringent tests for three-body
forces at neutron-rich extremes.
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GFMC method as well as an uncertainty in the 3N force
models used [the Illinois 2 and 6 (IL2 and IL6) three-body
forces were used with the Argonne v18 (AV18) NN poten-
tial] [11]. The comparison of the experimental range to
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and advancing 3N forces. The theoretical results shown in
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lower S2n and smaller rpp values. The NN-only calcula-

tions include the fermionic molecular dynamics (FMD)
results based on the unitary correlation operator method
(UCOM) NN potential and a phenomenological term (to
account for three-body physics) [13], the no-core shell
model (NCSM) results based on the charge-dependent
(CD) Bonn and inside nonlocal outside Yukawa tail
(INOY) NN potentials [12], and variational microscopic
cluster model (MCM) results based on the Minnesota
(MN) and MN without spin-orbit (MN-LS) NN potentials
[14]. Figure 2 also shows the importance of comparing
theoretical predictions to more than one observable. To
illustrate this, both NCSM (using CD Bonn) and the
GFMC results show a good agreement for the point-proton
radius, while the NCSM result has a large error for S2n and
tends to underpredict the two-neutron separation energy.

In addition, we present new effective interaction hyper-
spherical harmonics (EIHH) results [15] based on chiral
low-momentum NN interactions Vlow k [33]. In the EIHH
approach the wave function falls off exponentially by
construction, making it ideally suited for the study of
halo nuclei (for calculational details see [15]). The ob-
tained energies and radii are converged within the few-
body calculational uncertainty given by the error bars. The
three EIHH results shown in Fig. 2 are for different NN

cutoff scales ! ¼ 1:8, 2.0, and 2:4 fm"1. The running of
observables with ! is due to neglected many-body forces.
The EIHH results lie on a line indicated in Fig. 2, leading to
a decreasing S2n and increasing rpp, that does not go
through the experimental range. Such a correlation is ex-
pected, because a smaller S2n stretches out the core [7].
This correlation is also similar to the Phillips and Tjon
lines in few-body systems [34], which arise from strong
NN interactions (large scattering lengths). Three-body
physics manifests itself as a breaking from this line or
band. The correlation is also supported by the variational
MCM results. A key future step will be to include chiral 3N
forces in the EIHH calculations.
We have presented the first direct mass measurement of

the two-neutron halo nucleus 6He and a more precise mass
value for the four-neutron halo 8He. Both measurements
where performed using the TITAN Penning trap mass
spectrometer. While the 8He mass value is 1:7! within
the AME03 [8], the 6He mass deviates by 4!. The new
masses lead to improved values of the charge (and point-
proton) radii and the two-neutron separation energies,
which combined provide stringent tests for three-body
forces at neutron-rich extremes.
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Figure 4. Ground-state energies of calcium isotopes relative to 40Ca compared with experiment
and extrapolated energies from the AME2003 atomic mass evaluation [25]. The panels and results
are labeled as in figure 2.

We further examine the closed-shell nature of 48Ca in figure 3, which shows the magnetic
dipole transition rates B(M1) from the 0+ ground state to 1+ excited states, where the
experimental concentration of strength indicates a single-particle transition [24]. With NN-
only forces, there is a significant fragmentation of strength, and the energy of the dominant
transition is below the observed value. When 3N forces are included, the peak energies are
pushed up for all 3N(N2LO) cases. Moreover, the MBPT results predict a clear concentration,
in very good agreement with experiment.

Finally, we turn to the ground-state energies in figure 4, which have been measured to 52Ca
[25] and are known to exist to 58Ca [26]. With phenomenological models, the ground-state
energies decrease to N = 34, then the behavior flattens to N = 40 due to the weakly bound
f5/2 orbital. With NN-only forces in figure 4(b) (as expected from figure 1(b)), all neutron-rich
calcium isotopes are overbound. In figures 4(c) and (d) the repulsion due to 3N forces leads to
less bound ground-state energies, and all calculations with 3N forces exhibit good agreement
with experiment (in figure 4(c) the Vlowk+3N(N2LO) (KB3G SPE) results would lie on those
of Vlowk+3N(!) (GXPF1 SPE)). The repulsive 3N mechanism, discovered for the oxygen
anomaly [6], is therefore robust and general for neutron-rich nuclei. In our best calculation
with MBPT SPEs in the pfg9/2 shell, the ground-state energies are modestly more bound. Our
results with 3N(N2LO) suggest a drip line around 60Ca, which is close to the experimental
frontier [26]. As the predicted energies can significantly flatten from N = 34 − 40 as is the
case in our best MBPT calculation, the inclusion of continuum effects will be very important.

We have presented the first study of the role of 3N forces for binding energies and evolution
of shell structure in medium-mass nuclei, thus linking the 3N forces frontier to the experimental

6
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TITAN- measurements

A. T. Gallant et al., Phys. Rev. Lett. 109, 032506 (2012)
A. Lapierre et al., Phys. Rev. C 85, 024317 (2012)

the target, disagreement on the number, and excitation
energies of observed states, and low statistics. In addition,
two TOF measurements of the 51Ca mass [29,35] are
in agreement with each other, but disagree with the
values derived from the three-neutron-transfer reactions.
However, the uncertainties reported are 2–10 times larger
than those obtained from the reactions. All masses tabu-
lated in the AME2003 disagree with the presented mea-
surement by more than 1!. More recently, a TOF mass
measurement was completed at the GSI storage ring [36].
This does not agree with any of the previous measurements
and is 1:3! away from the value presented in this Letter.
For 52Ca, the existing mass value is derived from a TOF
measurement [29] and a "-decay measurement to 52Sc
[37]. Neither measurement agrees with our precision
mass. No experimental data exist for the mass of 51K.

Our new TITAN mass measurements for 51;52Ca and 51K
are presented in Table I. The mass of 51Ca deviates by 5!
from the AME2003 and is more bound by 0.5 MeV. We
find a similar increase in binding for 51K compared to the
AME2003 extrapolation. For the most neutron-rich 52Ca
isotope measured, the mass is more bound by 1.74 MeV
compared to the present mass table. This dramatic increase
in binding leads to a pronounced change of the derived
two-neutron separation energy, S2n, in the vicinity of
N ¼ 32, as shown in Fig. 2. The resulting behavior of
S2n in the potassium and calcium isotopic chains with
increasing neutron number is significantly flatter from
N ¼ 30 to N ¼ 32. This also differs from the scandium
isotopes, derived from previously measured mass excess
with large uncertainties or from the AME2003 extrapola-
tion. The increased binding for the potassium and calcium
isotopes may indicate the development of a significant
subshell gap at N ¼ 32, in line with the observed high
2þ excitation energy in 52Ca [37].

Three-nucleon forces have been unambiguously estab-
lished in light nuclei, but only recently explored in
medium-mass nuclei [2,7,8,38,39]. These advances have
been driven by chiral effective field theory, which provides
a systematic expansion for NN, 3N, and higher-body forces
[40], combined with renormalization group methods to
evolve nuclear forces to lower resolution [41].

We follow Ref. [7] and calculate the two-body inter-
actions among valence neutrons in the extended pfg9=2

shell on top of a 40Ca core, taking into account valence-
core interactions in 13 major shells based on a chiral next-
to-next-to-next-to-leading order NN potential evolved to
low momentum. Chiral 3N forces are included at next-to-
next-to-leading order, where the two shorter-range 3N
couplings have been fit to the 3H binding energy and the
4He charge radius. For valence neutrons, the dominant
contribution is due to the long-range two-pion-exchange
part of 3N forces [2,7]. In Ref. [7], the normal-ordered
one- and two-body parts of 3N forces were included to
first order, and an increased binding in the vicinity of
N ¼ 32 was predicted. Here, we improve the calculation
by including the one- and two-body parts of 3N forces in 5
major shells to third order, on an equal footing as NN
interactions. This takes into account the effect of 3N
forces between nucleons occupying orbits above and
below the valence space. For the single-particle energies
(SPEs) in 41Ca, we study two cases: the SPEs obtained by
solving the Dyson equation, where the self-energy is
calculated consistently in many-body perturbation theory
(MBPT) to third order, and empirical (emp) SPEs, where
the pf-orbit energies are taken from Ref. [4] and the g9=2
energy is set to #1:0 MeV.

TABLE I. Measured average frequency ratios, !R, and mass excess (ME) with total error of 51;52Ca and 51K, compared to the
AME2003 mass excess. The * indicates that the AME2003 value for 51K is based on an extrapolation.

Isotope Reference !R ¼ #c;ref=#c ME (keV) MEAME03 (keV) ME-MEAME03 (keV)

51Ca 58Ni 0.879 617 18(42) #36 338:9ð22:7Þ #35 863:3ð93:8Þ #475:6ð96:5Þ
52Ca 58Ni 0.896 916 49(187) #34 260:0ð101:0Þ #32 509:1ð698:6Þ #1751:0
52Ca 52Cr 1.000 437 82(158) #34 235:8ð76:4Þ Same #1726:7
52Ca average: #34 244:6ð61:0Þ Same #1735:5ð701:3Þ
51K 51V 1.000 625 61(28) #22 516:3ð13:1Þ #22 002:0ð503:0Þ* #514:3ð503:2Þ

FIG. 2 (color online). Two-neutron separation energy S2n as a
function of neutron number N for the potassium (circles),
calcium (square), and scandium (triangles) isotopic chains.
Points enclosed by a circle are not based completely on experi-
mental values in AME2003. The symbols connected by a dotted
line are based on the TITAN mass values (mass values for 49;50Ca
and 47–50K are taken from Ref. [19]), while the symbols con-
nected by solid lines are those from the AME2003.
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in these nuclides, extending the measurements of a pre-
vious campaign [19]. For the calcium isotopes, we com-
pare the evolution of the new TITAN mass values with
neutron number to microscopic calculations based on chi-
ral NN and 3N forces.

The 51;52Ca isotopes were produced at TRIUMF’s
Isotope Separator and Accelerator (ISAC) facility by bom-
barding a high-power tantalum target with a 70 !A proton
beam of 480 MeV energy, and a resonant laser ionization
scheme [20] was used to enhance the ionization of the
beam. 51K was produced with 1:9 !A of protons on a
UCx target, and ionized using a surface source. The con-
tinuous ion beam was extracted from the target, mass
separated with the ISAC dipole separator system, and
delivered to the TITAN facility. TITAN uses the time-of-
flight ion cyclotron-resonance (TOF-ICR) [21] method on
singly charged [12,13,22] and highly charged [23] ions for
precision mass measurements and is capable of accurate
measurements in the parts-per-billion (ppb) precision
range [24]. The system consists of a helium-buffer-gas-
filled radio-frequency quadrupole [25] for cooling and
bunching, followed by, in this case bypassed, an electron
beam ion trap charge breeder [26], and a precision Penning
trap [18], where the mass was determined.

In the precision Penning trap, a homogenous 3.7 T mag-
netic field radially confines the injected ions, while an
electric quadrupole field provides axial confinement. In
order to determine an ion’s mass m, the cyclotron fre-
quency "c ¼ qB=ð2#mÞ, where q is the charge of the ion
and B is a homogeneous magnetic field, is determined from
the minimum of the TOF-ICR measurement. Typical TOF-
ICR resonances for 51K, 51Ca, and 52Ca are shown in Fig. 1.
To calibrate the magnetic field, measurements with a ref-
erence ion of well-known mass were taken before and after
the frequency measurement of the ion of interest. To elimi-
nate magnetic field fluctuations, a linear interpolation of
the reference frequency to the center time of the measure-
ment of "c is performed, and a ratio of the frequencies R ¼
"c;ref="c is taken. The atomic mass,ma, of interest can then
be extracted from the average frequency ratio !R, ma ¼
!Rðma;ref $meÞ þme, whereme is the mass of the electron.
To reduce systematic effects, such as those arising from

field misalignments, incomplete trap compensation, etc., a
reference with a similar mass was chosen [18]. For the
measurements where a mass doublet was not formed, a
mass measurement of 41K relative to 58Ni was performed
to investigate the mass-dependent shift. The mass of 41K
was in agreement with Ref. [27], constraining the mass-
dependent shift to be below 3.5 ppb in the frequency ratio.
We include this shift as a systematic uncertainty. Moreover,
to exclude potential effects stemming from ion-ion inter-
actions from simultaneously stored isobars, contaminants
were eliminated from the trap by applying a dipolar field at
the mass-dependent reduced cyclotron frequency "þ for
20 ms prior to the quadrupole excitation. Dipole cleaning

pushes the contaminants far from the precision confinement
volume, greatly reducing any potential shifts due to their
Coulomb interaction with the ion of interest. A quadrupole
excitation time of & 80ms was used for each of the mass
measurements. In addition, to account for potential ion-ion
interactions, a count class analysis [28] was performed
when the count rate was high enough to permit such an
analysis. In cases where the rate was too low, the frequency
ratio was determined twice: once where only one ion was
detected, and a second time where all detected ions were
included. The ion-ion interaction systematic uncertainty
was taken to be the difference between these two methods
and was 100 ppb for 51K and 750 ppb for 52Ca.
In previous works, mass measurements for neutron-rich

potassium and calcium isotopes were reported up to 50K
and 52Ca [29,30], but with large uncertainties. While the
half-lives in the vicinity of N ¼ 32 are generally long
(t1=2 > 50 ms), the production yields in this high N=Z
region have limited precision mass measurements until
now. The mass of 51Ca, as tabulated in the atomic mass
evaluation (AME2003) [30], depends largely on three-
neutron-transfer reactions from beams of 14C or 18O to a
48Ca target [31–34]. Measurements by different groups
using the same reaction lead to differing results, calling
into question the derived mass. Further problems with the
reaction methods include potential 40Ca contamination in

FIG. 1 (color online). TOF-ICR resonances for 51K, 51Ca, and
52Ca with excitation times of & 80 ms. The applied radio
frequency "RF is given as the difference from the center fre-
quency "cent of the scan range. The solid lines are theoretical fits
to the line shape [21].
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52Ca: more bound
 by 1.74 MeV
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In Fig. 3, we compare the theoretical results obtained
from exact diagonalizations in the valence space to the
TITAN and AME2003 values for the two-neutron separa-
tion energy and for the neutron pairing gap calculated from

three-point binding-energy differences, !ð3Þ
n ¼ ð$1ÞN %

½BðN þ 1; ZÞ þ BðN $ 1; ZÞ $ 2BðN; ZÞ(=2. The pre-
dicted S2n is very similar for both sets of SPEs and is in
excellent agreement with the new TITAN mass values. For
51;52Ca, the difference between theory and experiment is
only & 200 keV, but we emphasize that it will be impor-
tant to also study the impact of the uncertainties in the
leading 3N forces. The behavior with neutron number for

!ð3Þ
n is also well reproduced, but the theoretical gaps are

typically 500 keV larger. As shown in Fig. 3, the new

behavior of S2n and !ð3Þ
n agrees very well with the phe-

nomenological KB3G [3] and GXPF1A [5] interactions,
which have been fitted to spectra and gaps or masses
(KB3G/GXPF1A) in the pf shell. Finally, we note also
the developments using nonempirical pairing functionals
in this region [42], which provide a bridge to global
energy-density functional calculations.

In summary, the mass of 51K has been measured with the
TITAN facility at TRIUMF for the first time, and the new

precision masses of 51;52Ca show a dramatic increase in
binding compared to the atomic mass evaluation. The
most neutron-rich 52Ca is more bound by 1.74MeV, a value
similar in magnitude to the deuteron binding energy. An
increased binding aroundN ¼ 32was predicted recently in
calculations based on chiral NN and 3N forces [7]. The new
TITAN results lead to a substantial change in the evolution
of nuclear masses to neutron-rich extremes. The signifi-
cantly flatter behavior of the two-neutron separation energy
agrees remarkably well with improved theoretical calcula-
tions including 3N forces, making neutron-rich calcium
isotopes an exciting region to probe 3N forces and to test
their predictions towards the neutron dripline (see the pre-
dictions in Fig. 3 to larger N). These developments are of
great interest also for astrophysics, as similar changes in
heavier nuclei would have a dramatic impact on nucleosyn-
thesis [43], and the same 3N forces provide important
repulsive contributions in neutron-star matter [44].
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FIG. 3 (color online). Two-neutron separation energy S2n (top)
and pairing gap !ð3Þ

n from three-point binding-energy differences
(bottom) versus neutron number N for the calcium isotopes. The
TITAN mass values and the AME2003 values are shown by the
symbols as in Fig. 2. The point labeled ‘‘TITANþ AME2003’’
is based partly on the TITAN mass values and complemented by
the AME2003 value for 53Ca. Theoretical predictions are shown
based on chiral NN and 3N forces (NNþ 3N) in the extended
pfg9=2 valence space using empirical (emp) SPEs in 41Ca and
consistently calculated MBPT SPEs (MBPT). For comparison,
we also show results based on the pf-shell phenomenological
KB3G [3] and GXPF1A [5] interactions, which have been fitted
to spectra and gaps (KB3G) or spectra and masses (GXPF1A).
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schematic approximation of 3NFs guided by chiral EFT
and utilize the coupled-cluster method to solve the quan-
tum many-body problem. Chiral EFT is a systematic and
model-independent approach to nuclear interactions. We
employ the NN interactions at next-to-next-to-next-to
leading order by Entem and Machleidt [21,22] and an
approximation for the chiral 3NFs that was previously
adopted in neutron-rich oxygen isotopes [7]. The coupled-
cluster method [23,24] is a very efficient tool for the com-
putation of nuclei with a closed (sub)shell structure and
their neighbors and thus ideally suited for the task at hand.

Hamiltonian, model space, and method.—We employ
the intrinsic Hamiltonian

Ĥ ¼
X

1"i<j"A

!ð ~pi $ ~pjÞ2
2mA

þ V̂ði;jÞ
NN þ V̂ði;jÞ

3Neff

"
: (1)

Here, the intrinsic kinetic energy depends on the mass
number A. The potential V̂NN denotes the chiral NN inter-
action at next-to-next-to-next-to leading order [21,22],
while V̂3Neff is a schematic potential based on the in-
medium chiral NN interaction by Holt et al. [25] (see
also Ref. [26]). The potential V̂3Neff results from integrat-
ing one nucleon in the leading-order chiral 3NF over the
Fermi sphere with Fermi momentum kF in symmetric
nuclear matter and is thus reminiscent of the normal-
ordered approximation [27]. It depends formally on the
Fermi momentum kF, the low-energy constants cD and cE
of the short-ranged contributions to the leading-order
chiral 3NF, and the chiral cutoff. The latter is equal to
the value employed in the chiral NN interaction [21]. In
the computation of neutron-rich oxygen isotopes [7], the
parameters kF ¼ 1:05 fm$1 and cE ¼ 0:71 resulted from
adjusting the binding energies of 16;22O, while cD ¼ $0:2
was kept at its value determined in light nuclei [28]. In this
work, we use kF ¼ 0:95 fm$1 and cE ¼ 0:735 from ad-
justing the binding energies of 48;52Ca. It is very satisfying
that the parametrization of V̂3Neff changes little as one goes
from neutron-rich isotopes of oxygen to the significantly
heavier calcium isotopes.

The coupled-cluster method generates a similarity-
transformed Hamiltonian !H ¼ e$TĤeT by the action of
the cluster operator T that creates up to n-particle-n-hole
(np-nh) excitations with respect to a reference state. Details
of our implementation are presented in Refs. [29,30]. We
compute the ground states of the closed-(sub)shell nuclei
40;48;52;54;60;62Ca in the singles doubles (CCSD) approxima-
tion and include n ¼ 3 triples perturbatively within the
"-CCSD(T) approach of Ref. [31]. Our model space con-
sists of up to Nmax ¼ 19 major spherical oscillator
shells (i.e., the maximal single-particle excitation energy is
18 units of @! above the oscillator ground state), and the
reference state results from a Hartree–Fock calculation. Our
basis employs oscillator spacings between 24 MeV "@! " 32 MeV, and in the largest model spaces the results

we present are practically independent of @!. For excited
states in 53;55;61Ca above threshold, we use a Gamow–
Hartree–Fock basis [7,32] with 40 discretization points
[33]. Excited states of the closed-shell nuclei 48;52;54Ca are
computed within the equation-of-motion (EOM) method
with singles and doubles. The open-shell nuclei
39;41;47;49;51;53;55;59;61Ca are computed with the particle
attached or removed EOM methods, and we use the
two-particle attached EOM method [34] for the nuclei
42;50;56Ca. Note that the employed EOM methods are
expected to reliably compute the separation energies and
low-lying excited states as long as they are dominated by
1p, 1h, 1p-1h or 2p excitations.
Results.—Figure 1 shows the computed ground-state

energies of the calcium isotopes and compares the results
obtained with the Hamiltonian of Eq. (1) to available data
and to the results based on chiral NN interactions alone.
The inclusion of chiral 3NFs via the in-medium effective
potential V̂3Neff clearly yields a much improved agreement
with data. The light isotopes 39;40;41;42Ca are slightly over-
bound, whereas the agreement is very good for the neutron-
rich isotopes at the center of this study. The comparison
with chiral NN forces shows that the in-medium effective
potential V̂3Neff is repulsive [35]. For the heavier isotopes
of calcium, the in-medium effective potential V̂3Neff

becomes increasingly repulsive, and a saturation of the
total binding energy sets in around 60Ca. It is interesting
that essentially the same interaction yields attraction in
neutron-rich oxygen isotopes [7]. Note that the results for
the isotopes 52–60Ca are based on an exponential extrapola-
tion of our results for Nmax ¼ 14, 16, 18 oscillator shells at
the oscillator frequency @! ¼ 26 MeV. This extrapolation
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FIG. 1 (color online). Ground-state energy of the calcium
isotopes as a function of the mass number A. Black circles:
experimental data; red squares: theoretical results including the
effects of three-nucleon forces; blue diamonds: predictions from
chiral NN forces alone. The experimental results for 51;52Ca are
from Ref. [36].
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In Fig. 3, we compare the theoretical results obtained
from exact diagonalizations in the valence space to the
TITAN and AME2003 values for the two-neutron separa-
tion energy and for the neutron pairing gap calculated from

three-point binding-energy differences, !ð3Þ
n ¼ ð$1ÞN %

½BðN þ 1; ZÞ þ BðN $ 1; ZÞ $ 2BðN; ZÞ(=2. The pre-
dicted S2n is very similar for both sets of SPEs and is in
excellent agreement with the new TITAN mass values. For
51;52Ca, the difference between theory and experiment is
only & 200 keV, but we emphasize that it will be impor-
tant to also study the impact of the uncertainties in the
leading 3N forces. The behavior with neutron number for

!ð3Þ
n is also well reproduced, but the theoretical gaps are

typically 500 keV larger. As shown in Fig. 3, the new

behavior of S2n and !ð3Þ
n agrees very well with the phe-

nomenological KB3G [3] and GXPF1A [5] interactions,
which have been fitted to spectra and gaps or masses
(KB3G/GXPF1A) in the pf shell. Finally, we note also
the developments using nonempirical pairing functionals
in this region [42], which provide a bridge to global
energy-density functional calculations.

In summary, the mass of 51K has been measured with the
TITAN facility at TRIUMF for the first time, and the new

precision masses of 51;52Ca show a dramatic increase in
binding compared to the atomic mass evaluation. The
most neutron-rich 52Ca is more bound by 1.74MeV, a value
similar in magnitude to the deuteron binding energy. An
increased binding aroundN ¼ 32was predicted recently in
calculations based on chiral NN and 3N forces [7]. The new
TITAN results lead to a substantial change in the evolution
of nuclear masses to neutron-rich extremes. The signifi-
cantly flatter behavior of the two-neutron separation energy
agrees remarkably well with improved theoretical calcula-
tions including 3N forces, making neutron-rich calcium
isotopes an exciting region to probe 3N forces and to test
their predictions towards the neutron dripline (see the pre-
dictions in Fig. 3 to larger N). These developments are of
great interest also for astrophysics, as similar changes in
heavier nuclei would have a dramatic impact on nucleosyn-
thesis [43], and the same 3N forces provide important
repulsive contributions in neutron-star matter [44].
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FIG. 3 (color online). Two-neutron separation energy S2n (top)
and pairing gap !ð3Þ

n from three-point binding-energy differences
(bottom) versus neutron number N for the calcium isotopes. The
TITAN mass values and the AME2003 values are shown by the
symbols as in Fig. 2. The point labeled ‘‘TITANþ AME2003’’
is based partly on the TITAN mass values and complemented by
the AME2003 value for 53Ca. Theoretical predictions are shown
based on chiral NN and 3N forces (NNþ 3N) in the extended
pfg9=2 valence space using empirical (emp) SPEs in 41Ca and
consistently calculated MBPT SPEs (MBPT). For comparison,
we also show results based on the pf-shell phenomenological
KB3G [3] and GXPF1A [5] interactions, which have been fitted
to spectra and gaps (KB3G) or spectra and masses (GXPF1A).
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schematic approximation of 3NFs guided by chiral EFT
and utilize the coupled-cluster method to solve the quan-
tum many-body problem. Chiral EFT is a systematic and
model-independent approach to nuclear interactions. We
employ the NN interactions at next-to-next-to-next-to
leading order by Entem and Machleidt [21,22] and an
approximation for the chiral 3NFs that was previously
adopted in neutron-rich oxygen isotopes [7]. The coupled-
cluster method [23,24] is a very efficient tool for the com-
putation of nuclei with a closed (sub)shell structure and
their neighbors and thus ideally suited for the task at hand.

Hamiltonian, model space, and method.—We employ
the intrinsic Hamiltonian

Ĥ ¼
X

1"i<j"A

!ð ~pi $ ~pjÞ2
2mA

þ V̂ði;jÞ
NN þ V̂ði;jÞ

3Neff

"
: (1)

Here, the intrinsic kinetic energy depends on the mass
number A. The potential V̂NN denotes the chiral NN inter-
action at next-to-next-to-next-to leading order [21,22],
while V̂3Neff is a schematic potential based on the in-
medium chiral NN interaction by Holt et al. [25] (see
also Ref. [26]). The potential V̂3Neff results from integrat-
ing one nucleon in the leading-order chiral 3NF over the
Fermi sphere with Fermi momentum kF in symmetric
nuclear matter and is thus reminiscent of the normal-
ordered approximation [27]. It depends formally on the
Fermi momentum kF, the low-energy constants cD and cE
of the short-ranged contributions to the leading-order
chiral 3NF, and the chiral cutoff. The latter is equal to
the value employed in the chiral NN interaction [21]. In
the computation of neutron-rich oxygen isotopes [7], the
parameters kF ¼ 1:05 fm$1 and cE ¼ 0:71 resulted from
adjusting the binding energies of 16;22O, while cD ¼ $0:2
was kept at its value determined in light nuclei [28]. In this
work, we use kF ¼ 0:95 fm$1 and cE ¼ 0:735 from ad-
justing the binding energies of 48;52Ca. It is very satisfying
that the parametrization of V̂3Neff changes little as one goes
from neutron-rich isotopes of oxygen to the significantly
heavier calcium isotopes.

The coupled-cluster method generates a similarity-
transformed Hamiltonian !H ¼ e$TĤeT by the action of
the cluster operator T that creates up to n-particle-n-hole
(np-nh) excitations with respect to a reference state. Details
of our implementation are presented in Refs. [29,30]. We
compute the ground states of the closed-(sub)shell nuclei
40;48;52;54;60;62Ca in the singles doubles (CCSD) approxima-
tion and include n ¼ 3 triples perturbatively within the
"-CCSD(T) approach of Ref. [31]. Our model space con-
sists of up to Nmax ¼ 19 major spherical oscillator
shells (i.e., the maximal single-particle excitation energy is
18 units of @! above the oscillator ground state), and the
reference state results from a Hartree–Fock calculation. Our
basis employs oscillator spacings between 24 MeV "@! " 32 MeV, and in the largest model spaces the results

we present are practically independent of @!. For excited
states in 53;55;61Ca above threshold, we use a Gamow–
Hartree–Fock basis [7,32] with 40 discretization points
[33]. Excited states of the closed-shell nuclei 48;52;54Ca are
computed within the equation-of-motion (EOM) method
with singles and doubles. The open-shell nuclei
39;41;47;49;51;53;55;59;61Ca are computed with the particle
attached or removed EOM methods, and we use the
two-particle attached EOM method [34] for the nuclei
42;50;56Ca. Note that the employed EOM methods are
expected to reliably compute the separation energies and
low-lying excited states as long as they are dominated by
1p, 1h, 1p-1h or 2p excitations.
Results.—Figure 1 shows the computed ground-state

energies of the calcium isotopes and compares the results
obtained with the Hamiltonian of Eq. (1) to available data
and to the results based on chiral NN interactions alone.
The inclusion of chiral 3NFs via the in-medium effective
potential V̂3Neff clearly yields a much improved agreement
with data. The light isotopes 39;40;41;42Ca are slightly over-
bound, whereas the agreement is very good for the neutron-
rich isotopes at the center of this study. The comparison
with chiral NN forces shows that the in-medium effective
potential V̂3Neff is repulsive [35]. For the heavier isotopes
of calcium, the in-medium effective potential V̂3Neff

becomes increasingly repulsive, and a saturation of the
total binding energy sets in around 60Ca. It is interesting
that essentially the same interaction yields attraction in
neutron-rich oxygen isotopes [7]. Note that the results for
the isotopes 52–60Ca are based on an exponential extrapola-
tion of our results for Nmax ¼ 14, 16, 18 oscillator shells at
the oscillator frequency @! ¼ 26 MeV. This extrapolation
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FIG. 1 (color online). Ground-state energy of the calcium
isotopes as a function of the mass number A. Black circles:
experimental data; red squares: theoretical results including the
effects of three-nucleon forces; blue diamonds: predictions from
chiral NN forces alone. The experimental results for 51;52Ca are
from Ref. [36].
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We present the first study of three-nucleon (3N) forces for proton-rich nuclei along the N ¼ 8 and

N ¼ 20 isotones. Our results for the ground-state energies and proton separation energies are in very good
agreement with experiment where available, and with the empirical isobaric multiplet mass equation. We

predict the spectra for all N ¼ 8 and N ¼ 20 isotones to the proton dripline, which agree well with

experiment for 18Ne, 19Na, 20Mg and 42Ti. In all other cases, we provide first predictions based on nuclear
forces. Our results are also very promising for studying isospin symmetry breaking in medium-mass

nuclei based on chiral effective field theory.

DOI: 10.1103/PhysRevLett.110.022502 PACS numbers: 21.60.Cs, 21.10."k, 21.30."x, 23.50.+z

Exotic nuclei with extreme ratios of neutrons to protons
can become increasingly sensitive to new aspects of nu-
clear forces. This has been shown in shell model studies
with three-body forces for the neutron-rich oxygen [1,2]
and calcium [3] isotopes, which present key regions for
exploring the evolution to the neutron dripline and
for understanding the formation of shell structure.
Calculations with 3N forces predicted an increase in bind-
ing of the neutron-rich 51;52Ca isotopes compared to exist-
ing experimental values, which was recently confirmed by
high-precision Penning-trap mass measurements [4]. The
pivotal role of 3N forces has also been highlighted in large-
space coupled-cluster calculations [5,6].

Proton-rich nuclei provide complementary insights to
strong interactions, exhibit new forms of radioactivity,
and are key for nucleosynthesis processes in astrophysics,
such as the rapid-proton-capture process that powers x-ray
bursts [7,8]. Although the proton dripline is significantly
better constrained experimentally than the neutron dri-
pline, nuclear forces remain unexplored in medium-mass
proton-rich nuclei. Because the proton dripline is closer to
the line of stability, it has also been mapped out empirically
by calculating the energies of proton-rich systems from
known neutron-rich nuclei using the isobaric multiplet
mass equation (IMME) [9,10] or Coulomb displacement
energies [11]. This suggests that proton-rich nuclei provide
an important testing ground for nuclear forces including
known Coulomb and isospin-symmetry-breaking effects.

In this Letter, we present the first study of 3N forces for
proton-rich nuclei. The couplings of 3N forces are fit to
few-nucleon systems only, and we provide predictions for
the ground-state energies (Figs. 1 and 3) and spectra
(Figs. 2 and 4) along the chains of N ¼ 8 and N ¼ 20
isotones to the proton dripline. For the interactions studied
here, 3N forces provide repulsive contributions as protons
are added, similar to the neutron-rich case. This is expected

due to the Pauli principle combined with the leading
two-pion-exchange 3N forces [1]. Our results suggest a
two-proton-decay candidate 22Si, whose Q value is very
sensitive to the calculation; within theoretical uncertainties
it could also be loosely bound. For theN ¼ 20 isotones, we
predict the dripline at 46Fe and the two-proton emitter 48Ni
[12,13]. Furthermore, we find good agreement with experi-
mental spectra of 18Ne, 19Na, 20Mg and 42Ti and provide
predictions for the isotones where excited states have not
been measured.
We consider a shell model description of the N ¼ 8 and

N ¼ 20 isotones and determine the interactions among
valence protons, on top of a 16O and 40Ca core, based on
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FIG. 1 (color online). Ground-state energies of N ¼ 8 isotones
relative to 16O. Experimental energies (AME2011 [23] with
extrapolations as open circles) and IMME values are shown.
We compare NN-only results in the sd shell to calculations
based on NN þ 3N forces in both sd and sdf7=2p3=2 valence
spaces with the consistently calculated SPEs of Table I.
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in 9C, the excited-state quartet should depart more strongly
from quadrature [12]. However, the excited-state quartet in
A ¼ 9 shows a good agreement with quadrature (!2 ¼ 1:0)
and a nearly vanishing cubic term d ¼ 3:5ð34Þ keV [10].
The mixing of the T ¼ 3=2 and T ¼ 1=2 states for the
Tz ¼ $1=2members has been proposed [11], but the large
width of the known resonances made the strength of this
mechanism to be met with skepticism [27]. This Letter
explains the long-standing enigmatic behavior of the two
A ¼ 9 quartets.

The most recent IMME review (1998), used the ground-
state masses from the 1995 atomic mass evaluation
(AME1995) [28]. In this evaluation, all ground-state
masses for the A ¼ 9 quartets were based on reaction
Q-value measurements from transfer reactions. Since
then, the masses of 9Li [23] and 9Be [24] were measured
directly using the TITAN Penning trap mass spectrometer
of the ISAC facility at TRIUMF. Penning traps have been
established as the most precise and reliable devices for
mass measurements [18], which is a key prerequisite for
this IMME study. The TITAN system has been established
with mass measurements of halo nuclei [22–24,29] as well
as with measurements of short-lived, highly charged ions
[30]. The precision and accuracy of the TITAN Penning
trap has been studied in detail [31,32].

The new masses are presented in Table I. The large
improvement in precision and change in the mass value
compared to that of AME1995 is displayed in Fig. 1. The
TITAN 9Be mass excess also affects 9Be, which is derived
from the Q value of a 9Beðp; nÞ9B reaction [33,34]. The
4.2 keV decrease in the 9C mass excess, currently derived
from a 7Beð3He; nÞ9C Q value, originates from the change
in the 7Be mass evaluation [33,34]. The 7Be mass value in
the 2003 atomic mass evaluation (AME03) was based
solely on the Q value of the reaction 7Liðp; nÞ7Be [34],
which was not the case for the 1995 evaluation [33]. The
9C mass presented in Table I is also based on this reaction,
but uses the precise 7Li mass value measured using the
SMILETRAP Penning trap spectrometer [35]. All the ex-
citation energies presented in Table I come from the eval-
uated nuclear structure data file (ENSDF) [1], except for
the 9B J" ¼ 1=2% state. For this state we include a recent
3# lower value of 16990(30) keV [21] together with the

17076(4) keV value from ENSDF. In the new measure-
ment, the angular correlation between the first proton
emission of 9B and subsequent double $ decay strongly
suggests the J" ¼ 1=2% assignment for this state.
The updated IMME coefficients for the fits, including

quadratic and cubic terms are shown in Table II together
with their !2 values. As the various fits involve only one
degree of freedom, we also give the corresponding P value
for the !2 value. The new mass excesses result in a 40%
increase in !2 for the J" ¼ 3=2% quartet quadratic fit
compared with the previous value [10]. This very large
!2 is associated with a small P value, which reflects the
probability to obtain such a !2 by accident. Performing a
cubic fit results in an enhanced d coefficient of 6.3(17) keV.
The excited J" ¼ 1=2% quartet, on the other hand, shows a
good agreement with quadrature leading to !2 ¼ 1:2when
using the ENSDF 9B excitation energy [1]. However, if the
16990(30) keV value for the 9B J" ¼ 1=2% excitation
energy from [21] is used, the excited state quartet also
departs from quadrature with a !2 ¼ 6:9 and a larger cubic
term of d ¼ %40ð15Þ keV. A more precise confirmation of
this recent measurement is desired, to resolve this discrep-
ancy for the excited quartet.

TABLE I. New ground-state mass excesses !G:S: and excita-
tion energies [1] of the T ¼ 3=2 states used for the calculation of
the J" ¼ 3=2% and 1=2%A ¼ 9 quartets.

Tz !G:S: (keV) Exð3=2%Þ (keV) Exð1=2%Þ (keV)
9Li 3=2 24 954.91(20) 0 2691(5)
9Be 1=2 11 348.391(93) 14 392.2(18) 16 977.1(5)
9B %1=2 12 416.4(10) 14 655.0(25) 17 076(4)

16 990(30)a

9C %3=2 28 909.5(21) 0 2218(11)

aThis 9B J" ¼ 1=2% excitation energy is from Ref. [21].

TABLE II. IMME coefficients [Eq. (1)] using the mass ex-
cesses calculated from the values in Table I. Also given are the
!2 and P values of the various fits.

J" a (keV) b (keV) c (keV) !2 P value

3=2% 26 337.5(17) %1318:8ð7Þ 264.7(9) 14.6 1& 10%4

1=2% 28 847.1(15) %1163:7ð29Þ 241.2(24) 1.2 3& 10%1

1=2%a 28 845.0(19) %1159:1ð41Þ 240.1(25) 6.9 9& 10%3

aThis value used the 9B J" ¼ 1=2% excitation energy from
Ref. [21].

FIG. 1 (color online). New mass excess ! (new) values pre-
sented in Table I compared to the 1995 atomic mass evaluation
(AME1995) [28] mass excess values ! (AME1995) used in the
most recent IMME review [10]. The new 9Li and 9Be ! were
measured at TITAN, whereas the 9B and 9C ! involve
9Beðp; nÞ9B and 7Beð3He; nÞ9C reaction Q values, respectively.
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good agreement with quadrature leading to !2 ¼ 1:2when
using the ENSDF 9B excitation energy [1]. However, if the
16990(30) keV value for the 9B J" ¼ 1=2% excitation
energy from [21] is used, the excited state quartet also
departs from quadrature with a !2 ¼ 6:9 and a larger cubic
term of d ¼ %40ð15Þ keV. A more precise confirmation of
this recent measurement is desired, to resolve this discrep-
ancy for the excited quartet.

TABLE I. New ground-state mass excesses !G:S: and excita-
tion energies [1] of the T ¼ 3=2 states used for the calculation of
the J" ¼ 3=2% and 1=2%A ¼ 9 quartets.
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TABLE II. IMME coefficients [Eq. (1)] using the mass ex-
cesses calculated from the values in Table I. Also given are the
!2 and P values of the various fits.

J" a (keV) b (keV) c (keV) !2 P value
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FIG. 1 (color online). New mass excess ! (new) values pre-
sented in Table I compared to the 1995 atomic mass evaluation
(AME1995) [28] mass excess values ! (AME1995) used in the
most recent IMME review [10]. The new 9Li and 9Be ! were
measured at TITAN, whereas the 9B and 9C ! involve
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IMME breakdown at A=9 explained by 
isospin mixing with neighboring states in 
9Be and 9B (SM by B. A. Brown)

the allowed approximation, any change in spin S is forbidden, thus �S = 0, too,
and we deal with a pure Fermi decay and MGT = 0.
As a consequence of the (approximate) isospin-symmetry in the nuclear force,
there are states in isobars, i.e. nuclides with the same mass number A, which
are (almost) identical except for their Tz quantum number. These states are called
isobaric analog states or members of an isobaric multiplet. In accordance with an-
gular momentum rules, a multiplet with total isospin T will have 2T + 1 isobaric
analog states with Tz ranging from �T to +T . Since the isospin-symmetry is bro-
ken, isobaric analog states are not degenerate. Their relative position in energy is
described by the Isobaric Mass Multiplet Equation (IMME) [70]. Assuming that
all t

(i)
z dependent contributions (including Coulomb) to the nuclear force can be

expressed like the Coulomb force as a sum of isoscalar, isovector, and isotensor
parts (i.e. spherical tensors with rank  2 in isospin space), the masses of isobaric
analog states follow a parabola in Tz .

M(A, T, Tz) = a(A, T ) + b(A, T ) · Tz + c(A, T ) · T 2
z . (2.68)

The IMME can be derived in first order perturbation theory by utilizing the Wigner-
Eckart theorem.
It is essential for the description of the �-decay branch between isobaric analog
states that the nuclear wave-functions of parent and daughter are identical requir-
ing �L = �J = �S = �T = 0. To first order, they only differ by their isospin
projection Tz . All nuclear structure details of the wave-functions are consequently
irrelevant when the nuclear matrix element MF is evaluated in Equation 2.64. Re-
ferring once more to the analogy of isospin to angular momentum, the action of the
isospin raising or lowering operator T̂± is well understood and we obtain

MF = h↵, T, Tz ± 1 | T̂± | ↵, T, Tzi =
p

(T ⌥ Tz) · (T ± Tz + 1). (2.69)

Due to the maximal overlap of the nuclear wave-function, �-decays between iso-
baric analog states are called superallowed decays.
A superallowed 0+ ! 0+ nuclear �-decay occurs between isobaric analog states
which have both a total angular momentum of J = 0. It combines the advantages
of a pure Fermi decay and simple nuclear matrix elements. Due to the Coulomb
repulsion, isobaric analog states with larger Z are generally less bound and all su-
perallowed decays discussed here are �+-decays. T = 1 cases are studied most
extensively although ft-values of T = 2 superallowed � emitters have been mea-
sured (e.g. [71]).
The T = 1 cases are divided into two groups of decays, Tz = �1 ! 0 and
Tz = 0 ! 1. In both cases, the nuclear matrix element yields MF =

p
2 (see

39
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Figure 1. (color online) A schematic drawing of the ISAC
target with the ion-guide laser ion source (IG-LIS). See the
text for a detailed description.

by high-precision mass measurements of 20,21Mg and the-
oretically by shell model calculations using either the
USDA/B isospin non-conserving (INC) Hamiltonian or
interactions based on chiral e"ectivefield theory.

In a Penning trap, contaminants can be e"ectively
removed if their ratio to the ions of interest remains
/ 100 : 1. It is possible to clean beams with higher lev-
els of contamination using either gas-filled Penning traps
[17] or multi-reflection time-of-flight devices [18, 19], but
these methods su"er from increased preparation times
and transport losses. An alternative method is to supress
contamination from surface-ionized species at the source
through the use of an IG-LIS. The IG-LIS is conceptually
similar to the orginally proposed ion-source trap [20, 21];
however it is much simpler because no trap is formed
and no bu"er gas is used. Figure 1 shows a section view
of the IG-LIS. The isotope production target is typically
operated at temperatures above 1900 K. The target pro-
duction volume is coupled via a heated transfer tube to a
positively biased radio-frequency quadrupole (RFQ) ion-
guide. A repeller electrode [20, 22] reflects surface-ionized
species, preventing them from entering the ion-guide vol-
ume. Neutral particles drift into the ion-guide volume,
where element-selective resonant laser excitation and ion-
ization creates an isobar free ion beam. A square-wave
RF field radially confines the laser ionized beam. The ion
beam is then extracted from the IG-LIS for subsequent
mass separation and delivery to the experiment.

The IG-LIS concept has been implemented and used
online for the first time at TRIUMF’s isotope separa-
tor and accelerator (ISAC) facility. Beams of 20,21Mg
were produced by bombarding a SiC target with 40 µA
of 480 MeV protons. Compared to previous SiC tar-
gets, we found that the IG-LIS decreased the magne-
sium yield by 50 times and the sodium background by
106 times. This is a signal-to-background improvement
of better than 104.

The TITAN system [23] currently consists of three
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Figure 2. (Color online) Time-of-flight ion cyclotron reso-
nance of 21Mg with 97 ms excitation time. The line is a fit of
the theoretical line shape [27].

ion traps: an RFQ cooler and buncher [24], an elec-
tron beam ion trap (EBIT) [25] for charge breeding and
in-trap decay spectroscopy, and a measurement Penning
trap (MPET) [26] to precisely determine atomic masses.
We bypassed the EBIT because the required precision
could be reached without charge breeding. In the MPET
the mass is determined by measuring an ion’s cyclotron
frequency ⇥c = qB/(2⇤m) via the time-of-flight ion cy-
clotron resonance technique [27]. A typical resonance for
21Mg is shown in Fig. 2. To eliminate any dependence
on the magnetic field the ratio of cyclotron frequencies
r = ⇥c,ref/⇥c is taken between a well-known reference
and the ion of interest. The reference ion used was 23Na.
Because the magnetic field fluctuates in time, due to field
decays and temperature or pressure variations, it must be
monitored. This monitoring is achieved by performing a
reference measurement before and after a measurement
of the ion of interest and linearly interpolating to the time
when the frequency of the ion of interest was measured.
To futher limit these fluctuations, the length of a mea-
surement was limited to approximately one hour. The
atomic mass of the nuclide of interest is then calculated
from

M = r(Mref �me) +me (2)

where M is the atomic mass of a nuclide, me is the elec-
tron mass and we neglect electron binding energies. Table
I summarizes the measurement results. Our mass excess
of 10903.85 (74) keV for 21Mg agrees well with the tabu-
lated value from AME2012 [28]. The mass excess of 20Mg
deviates by 81 keV as compared to the AME2012, which
is a shift of 3⌅. In both cases the precision was increased
by more than one order of magnitude.

Determining the energy level of an isospin multiplet
member relies on knowing both the ground-state and
excited-state energies accurately. For di"erent experi-
mental techniques, the measured excitation energy de-
pends on separation energies, which can change with im-

Laser ion source group: TRIUMF, Laval, U Manitoba, Oldenburg
J. Lassen, H. Heggen, A. Teigelhoefer et al.

Ion Guide Laser Ion Source (IG-LIS)

Na-contamination
Na suppressed by 106

Mg reduced by 50

A. T. Gallant et al., PRL 113, 082501 (2014)
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target with the ion-guide laser ion source (IG-LIS). See the
text for a detailed description.

by high-precision mass measurements of 20,21Mg and the-
oretically by shell model calculations using either the
USDA/B isospin non-conserving (INC) Hamiltonian or
interactions based on chiral e"ectivefield theory.

In a Penning trap, contaminants can be e"ectively
removed if their ratio to the ions of interest remains
/ 100 : 1. It is possible to clean beams with higher lev-
els of contamination using either gas-filled Penning traps
[17] or multi-reflection time-of-flight devices [18, 19], but
these methods su"er from increased preparation times
and transport losses. An alternative method is to supress
contamination from surface-ionized species at the source
through the use of an IG-LIS. The IG-LIS is conceptually
similar to the orginally proposed ion-source trap [20, 21];
however it is much simpler because no trap is formed
and no bu"er gas is used. Figure 1 shows a section view
of the IG-LIS. The isotope production target is typically
operated at temperatures above 1900 K. The target pro-
duction volume is coupled via a heated transfer tube to a
positively biased radio-frequency quadrupole (RFQ) ion-
guide. A repeller electrode [20, 22] reflects surface-ionized
species, preventing them from entering the ion-guide vol-
ume. Neutral particles drift into the ion-guide volume,
where element-selective resonant laser excitation and ion-
ization creates an isobar free ion beam. A square-wave
RF field radially confines the laser ionized beam. The ion
beam is then extracted from the IG-LIS for subsequent
mass separation and delivery to the experiment.

The IG-LIS concept has been implemented and used
online for the first time at TRIUMF’s isotope separa-
tor and accelerator (ISAC) facility. Beams of 20,21Mg
were produced by bombarding a SiC target with 40 µA
of 480 MeV protons. Compared to previous SiC tar-
gets, we found that the IG-LIS decreased the magne-
sium yield by 50 times and the sodium background by
106 times. This is a signal-to-background improvement
of better than 104.

The TITAN system [23] currently consists of three
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nance of 21Mg with 97 ms excitation time. The line is a fit of
the theoretical line shape [27].

ion traps: an RFQ cooler and buncher [24], an elec-
tron beam ion trap (EBIT) [25] for charge breeding and
in-trap decay spectroscopy, and a measurement Penning
trap (MPET) [26] to precisely determine atomic masses.
We bypassed the EBIT because the required precision
could be reached without charge breeding. In the MPET
the mass is determined by measuring an ion’s cyclotron
frequency ⇥c = qB/(2⇤m) via the time-of-flight ion cy-
clotron resonance technique [27]. A typical resonance for
21Mg is shown in Fig. 2. To eliminate any dependence
on the magnetic field the ratio of cyclotron frequencies
r = ⇥c,ref/⇥c is taken between a well-known reference
and the ion of interest. The reference ion used was 23Na.
Because the magnetic field fluctuates in time, due to field
decays and temperature or pressure variations, it must be
monitored. This monitoring is achieved by performing a
reference measurement before and after a measurement
of the ion of interest and linearly interpolating to the time
when the frequency of the ion of interest was measured.
To futher limit these fluctuations, the length of a mea-
surement was limited to approximately one hour. The
atomic mass of the nuclide of interest is then calculated
from

M = r(Mref �me) +me (2)

where M is the atomic mass of a nuclide, me is the elec-
tron mass and we neglect electron binding energies. Table
I summarizes the measurement results. Our mass excess
of 10903.85 (74) keV for 21Mg agrees well with the tabu-
lated value from AME2012 [28]. The mass excess of 20Mg
deviates by 81 keV as compared to the AME2012, which
is a shift of 3⌅. In both cases the precision was increased
by more than one order of magnitude.

Determining the energy level of an isospin multiplet
member relies on knowing both the ground-state and
excited-state energies accurately. For di"erent experi-
mental techniques, the measured excitation energy de-
pends on separation energies, which can change with im-

20,21Mg measurement at TITANResults of the mass measurements 
possible with the IG-LIS 

Clean beam delivered to TITAN 
Excellent mass measurements 
possible, background-free. 

AME 2012 

AME 2012 

4

Table II. Extracted IMME parameters for the A = 20 and 21
multiplets. Mass excesses are taken from [28] and excitation
energies Ex from [32] and [34], except where noted. Also
shown are the d and e coe#cients for cubic and quartic fits
and the �2 values of the fit. Shell model calculation results
using the USDA/B plus INC interactions are presented.

Nuclide Tz ME(g.s.) (keV) Ex (keV)
A = 20, J� = 0+, T = 2
20O +2 3796.17 (89) 0.0
20F +1 -17.45 (3) 6519.0 (30)
20Ne 0 -7041.9306 (16) 16732.9 (27)
20Na -1 6850.6 (11) 6524.0 (97) a

20Mg -2 17477.7 (18) b 0.0
Fit d (keV) e (keV) �2

Quadratic - - 10.4
Cubic 2.8 (11) - 3.7
Quartic Only - 0.89 (12) 9.9
Quartic 5.4 (17) �3.5 (18) -
USDA �0.1 -
USDA - �1.7
USDB �0.1 -

A = 21, J� = 5/2+, T = 3/2
21F +3/2 -47.6 (18) 0.0
21Ne +1/2 -5731.78 (4) 8859.2 (14)
21Na -1/2 -2184.6 (3) 8976.0 (20)
21Mg -3/2 10903.85 (74) b 0.0

Fit d (keV) �2

Quadratic - 28
Cubic 6.7 (13) -
USDA �0.3
USDB 0.3

A = 21, J� = 1/2+, T = 3/2
21F +3/2 -47.6 (18) 279.93 (6)
21Ne +1/2 -5731.78 (4) 9148.9 (16)
21Na -1/2 -2184.6 (3) 9217.0 (20)
21Mg -3/2 10903.85 (74) b 200.5 (28) c

Fit d (keV) �2

Quadratic - 9.7
Cubic �4.4 (14) -
USDA �1.2
USDB 1.9

a Average of ref. [29, 31]
b Present work
c Average of ref. [33, 34]

for the neutron-neutron and proton-proton parts, re-
spectively, and include for the first time valence-space
proton-neutron interactions. The ground-state energies
of 20,21Mg are shown in Table III. The calculated ground-
state energy of 20Mg is in very good agreement with
experiment, while 21Mg, with one neutron above the
closed N = 8 shell, is overbound by 1.6 MeV. For the
A = 20 multiplet, the d coe�cient is found to be �18
keV, i.e. giving isospin-symmetry breaking larger than
in experiment. As Tz increases, other members of the
A = 21, T = 3/2 multiplet become less overbound than
21Mg (21F is only 0.8 MeV overbound). This, however,
also results in larger cubic terms for the A = 21 multi-

Table III. Experimental and calculated ground-state energies
(in MeV) of 20,21Mg with respect to 16O. USDA/B results
include the INC Hamiltonian discussed in the text.

Nuclide Exp. USDA USDB NN + 3N
20Mg �6.94 �6.71 �6.83 �6.89
21Mg �21.59 �21.79 �21.81 �23.18

plets (d = �38 keV for A = 21, J� = 5/2+). There-
fore, the new experimental findings cannot be described
with these Hamiltonians, but they nonetheless provide
a promising first step towards understanding isospin-
symmetry breaking based on electromagnetic and strong
interactions.

In summary, we have performed the first direct mass
measurement of 20,21Mg using the TITAN Penning trap,
making 20Mg the most exotic proton-rich nuclide to be
measured in a Penning trap. The new mass of 20Mg
is 15 times more precise and deviates from the AME12
value by 3�, while the new mass of 21Mg agrees with the
AME12 but is 22 times more precise. A quadratic fit
of the A = 20 IMME results in a ⇥2 of 10.4, reducing to
3.7 or 9.9 with the inclusion of cubic or quartic terms, re-
spectively. The increased precision of the 21Mg mass now
gives, for the 5/2+ multiplet, ⇥2 = 28 with a quadratic
IMME, making the A = 20 and 21 multiplets new mem-
bers of the sd shell to present strong deviations from the
quadratic form of the IMME. In both cases shell-model
calculations are presently unable to predict the required
cubic d coe�cients. Further Penning trap measurements
of members of other multiplets will be valuable to bet-
ter test some of the proposed mechanisms for cubic and
quartic terms. With the on-line use of the IG-LIS, such
exotic nuclei will be available contaminant free, paving
the way for new experiments far from stability.
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Table II. Extracted IMME parameters for the A = 20 and 21
multiplets. Mass excesses are taken from [28] and excitation
energies Ex from [32] and [34], except where noted. Also
shown are the d and e coe#cients for cubic and quartic fits
and the �2 values of the fit. Shell model calculation results
using the USDA/B plus INC interactions are presented.

Nuclide Tz ME(g.s.) (keV) Ex (keV)
A = 20, J� = 0+, T = 2
20O +2 3796.17 (89) 0.0
20F +1 -17.45 (3) 6519.0 (30)
20Ne 0 -7041.9306 (16) 16732.9 (27)
20Na -1 6850.6 (11) 6524.0 (97) a

20Mg -2 17477.7 (18) b 0.0
Fit d (keV) e (keV) �2

Quadratic - - 10.4
Cubic 2.8 (11) - 3.7
Quartic Only - 0.89 (12) 9.9
Quartic 5.4 (17) �3.5 (18) -
USDA �0.1 -
USDA - �1.7
USDB �0.1 -

A = 21, J� = 5/2+, T = 3/2
21F +3/2 -47.6 (18) 0.0
21Ne +1/2 -5731.78 (4) 8859.2 (14)
21Na -1/2 -2184.6 (3) 8976.0 (20)
21Mg -3/2 10903.85 (74) b 0.0

Fit d (keV) �2

Quadratic - 28
Cubic 6.7 (13) -
USDA �0.3
USDB 0.3

A = 21, J� = 1/2+, T = 3/2
21F +3/2 -47.6 (18) 279.93 (6)
21Ne +1/2 -5731.78 (4) 9148.9 (16)
21Na -1/2 -2184.6 (3) 9217.0 (20)
21Mg -3/2 10903.85 (74) b 200.5 (28) c

Fit d (keV) �2

Quadratic - 9.7
Cubic �4.4 (14) -
USDA �1.2
USDB 1.9

a Average of ref. [29, 31]
b Present work
c Average of ref. [33, 34]

for the neutron-neutron and proton-proton parts, re-
spectively, and include for the first time valence-space
proton-neutron interactions. The ground-state energies
of 20,21Mg are shown in Table III. The calculated ground-
state energy of 20Mg is in very good agreement with
experiment, while 21Mg, with one neutron above the
closed N = 8 shell, is overbound by 1.6 MeV. For the
A = 20 multiplet, the d coe�cient is found to be �18
keV, i.e. giving isospin-symmetry breaking larger than
in experiment. As Tz increases, other members of the
A = 21, T = 3/2 multiplet become less overbound than
21Mg (21F is only 0.8 MeV overbound). This, however,
also results in larger cubic terms for the A = 21 multi-

Table III. Experimental and calculated ground-state energies
(in MeV) of 20,21Mg with respect to 16O. USDA/B results
include the INC Hamiltonian discussed in the text.

Nuclide Exp. USDA USDB NN + 3N
20Mg �6.94 �6.71 �6.83 �6.89
21Mg �21.59 �21.79 �21.81 �23.18

plets (d = �38 keV for A = 21, J� = 5/2+). There-
fore, the new experimental findings cannot be described
with these Hamiltonians, but they nonetheless provide
a promising first step towards understanding isospin-
symmetry breaking based on electromagnetic and strong
interactions.

In summary, we have performed the first direct mass
measurement of 20,21Mg using the TITAN Penning trap,
making 20Mg the most exotic proton-rich nuclide to be
measured in a Penning trap. The new mass of 20Mg
is 15 times more precise and deviates from the AME12
value by 3�, while the new mass of 21Mg agrees with the
AME12 but is 22 times more precise. A quadratic fit
of the A = 20 IMME results in a ⇥2 of 10.4, reducing to
3.7 or 9.9 with the inclusion of cubic or quartic terms, re-
spectively. The increased precision of the 21Mg mass now
gives, for the 5/2+ multiplet, ⇥2 = 28 with a quadratic
IMME, making the A = 20 and 21 multiplets new mem-
bers of the sd shell to present strong deviations from the
quadratic form of the IMME. In both cases shell-model
calculations are presently unable to predict the required
cubic d coe�cients. Further Penning trap measurements
of members of other multiplets will be valuable to bet-
ter test some of the proposed mechanisms for cubic and
quartic terms. With the on-line use of the IG-LIS, such
exotic nuclei will be available contaminant free, paving
the way for new experiments far from stability.
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spectively, and include for the first time valence-space
proton-neutron interactions. The ground-state energies
of 20,21Mg are shown in Table III. The calculated ground-
state energy of 20Mg is in very good agreement with
experiment, while 21Mg, with one neutron above the
closed N = 8 shell, is overbound by 1.6 MeV. For the
A = 20 multiplet, the d coe�cient is found to be �18
keV, i.e. giving isospin-symmetry breaking larger than
in experiment. As Tz increases, other members of the
A = 21, T = 3/2 multiplet become less overbound than
21Mg (21F is only 0.8 MeV overbound). This, however,
also results in larger cubic terms for the A = 21 multi-

Table III. Experimental and calculated ground-state energies
(in MeV) of 20,21Mg with respect to 16O. USDA/B results
include the INC Hamiltonian discussed in the text.

Nuclide Exp. USDA USDB NN + 3N
20Mg �6.94 �6.71 �6.83 �6.89
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plets (d = �38 keV for A = 21, J� = 5/2+). There-
fore, the new experimental findings cannot be described
with these Hamiltonians, but they nonetheless provide
a promising first step towards understanding isospin-
symmetry breaking based on electromagnetic and strong
interactions.

In summary, we have performed the first direct mass
measurement of 20,21Mg using the TITAN Penning trap,
making 20Mg the most exotic proton-rich nuclide to be
measured in a Penning trap. The new mass of 20Mg
is 15 times more precise and deviates from the AME12
value by 3�, while the new mass of 21Mg agrees with the
AME12 but is 22 times more precise. A quadratic fit
of the A = 20 IMME results in a ⇥2 of 10.4, reducing to
3.7 or 9.9 with the inclusion of cubic or quartic terms, re-
spectively. The increased precision of the 21Mg mass now
gives, for the 5/2+ multiplet, ⇥2 = 28 with a quadratic
IMME, making the A = 20 and 21 multiplets new mem-
bers of the sd shell to present strong deviations from the
quadratic form of the IMME. In both cases shell-model
calculations are presently unable to predict the required
cubic d coe�cients. Further Penning trap measurements
of members of other multiplets will be valuable to bet-
ter test some of the proposed mechanisms for cubic and
quartic terms. With the on-line use of the IG-LIS, such
exotic nuclei will be available contaminant free, paving
the way for new experiments far from stability.
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highly charged ions @ TITAN
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off-line ion source

SCI

SCI

a) SCI

SCI

b) HCI

Time-of-flight gate

SCI SCI

Figure 1: (colour on-line) The TITAN experimental setup which includes a RFQ, a high-
precision Penning trap, an EBIT, a time-of-flight gate and an off-line ion source. a) Shown
in red is the path of the beam when mass measurement on singly charged ions (SCI) is
performed. b) In blue is the path for highly charged ions (HCI) mass measurement.

cause the precision of mass measurements performed using Penning traps
linearly increases with the charge state.

The high-precision mass measurements carried out at TITAN (shown in
figure 1) are achieved through a series of steps. First, the continuous ion
beam from ISAC (Isotope Separator and ACcelerator) is delivered to TI-
TAN where it is cooled and bunched using a gas-filled linear radio-frequency
quadrupolar (RFQ) trap [26]. The subsequent step depends on whether a
mass measurement is performed using singly charged ions (SCI), or highly
charged ions. The ions can either be transferred to an electron-beam ion trap
(EBIT) [27, 28], where charge breeding takes place (blue path in figure 1),
or sent directly to the Penning trap (MPET) where the mass of the ion of
interest is determined (red path in figure 1).

Precision and accuracy are critical for high impact mass measurement in
particular for experiments where relative uncertainty on the level of δm/m ≤
5×10−9. Therefore, it is critical to ensure that the TITAN Penning trap
can accurately perform mass measurement at this level of precision. This
paper gives a detailed description of the TITAN Penning trap and documents
the various systematic studies performed in order to ensure reliable mass

3

S. Ettenauer et al., PRL 107, 272501 (2011)

first demonstrated with
74Rb (T1/2=65 ms)

Advantages:
➡ precision
➡ resolving power
➡ new separation 

schemes
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charge breeding of 75Rb

16

EBIT

MCP

TO
F path

charge bred residual gas

22 24 26 28 30 32 34 36 38 40
0

100

200

300

400

500

600

TOF [µs]

# 
co

un
ts

 

 
75Rb+1 injected into EBIT
no ions injected into EBIT

75Rb+6

75Rb+7

75Rb+9

75Rb+10

75Rb+8

B−field: 3 T
e−current: 10 mA 
charge breeding time: 35 ms
extraction time: 800 ns
500 ion shots

S. Ettenauer et al., 
PRL 107, 272501 (2011)
Int. J. Mass Spectrom. 349, 74 (2013)



Aug. 28, 2014 CGS15

Solar Neutrino Physics
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Detection reaction:

Detector calibration: EC of 51Cr and 37Ar ( ) . .51 51 1 2
0

0 0

B (GT) B (GT)Cr ( Cr) 1 0 67 0 22
B (GT) B (GT)

! !
" #

= + +$ %
& '

Exp. source ratio
GALLEX 51Cr-1 0.95 ± 0.11 

GALLEX 51Cr-2 0.81 ± 0.11 

SAGE 51Cr 0.95 ± 0.12 

SAGE 37Ar 0.79 ± 0.10 

Average 51Cr, 37Ar 0.87 ± 0.05 

Origin of the discrepancy?

• Lower detector efficiencies? 
• Neutrino cross section?
•  Unknown properties of 

neutrinos? 

J. Bahcall: 
Contribution from excited states:  5.1 %

%&'($

•  Ratio: # of measured 71Ge atoms
    Normalized to # of calculated atoms
•  Average value ≈2.5� away from unity 

789:;!3'.<&-!+'=&*!>%#?!
)'*+,-".#)'*!$&@4A!8B%#>(,&(=C!1<D'%E'=&%C!F'4'4#%+;!
!

/001$!.!123$1!405670.8$8≈GHH!=&I;!

measured to expected events ?!?

cross section depends 
on QEC of 71Ge !
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HCI measurement of QEC of 51Cr & 71Ge
D. Frekers et al., Phys. Lett. B 706, 134 (2011) 

other nuclear physics uncertainties already 
excluded in 
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isobaric separation of 71Ga-71Ge

18

electron beam: 70 mA @ 2 keV

Ge delivery from ISAC required Laser Ionization:
clean 71Ga21+ if Laser OFF (Ga produced through surface ionization) 
clean 71Ge22+ if Laser ON        (Ga not bred to q=22+)

D. Frekers et al., Physics Letters B 722, 233 (2013)

➡ separation based on 
atomic properties

➡ no δm/m-limit in 
resolving power
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D. Frekers et al., Physics Letters B 722, 233 (2013)
T. D. Macdonald et al., Phys. Rev. C 89, 044318 (2014)

results
  Typical TOF-resonances for 71Ga and 71Ge 

Excitation frequency versus the TOF


Minimum of the resonance corresponds to the cyclotron frequency

•  Calculation of atomic mass excess
•  Stable nucleus (71Ga) as reference (m2)
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Figure 6.3: A TOF-ICR resonance for 51Cr5+ with a TRF = 160 ms excitation.
The solid line is a fit of the theoretical line shape [42] to the data.

plied for 36 ms on ions in charge state 5+ and 30 ms on ions in charge state 6+.

6.3 Analysis and Results
Frequency measurements on the isotopes of interest, 51Cr5,6+, 51V5,6+, and 39K4+,
were performed in alternation. Different reference ion species were chosen for
the direct Q-value measurement (51V), and for the mass measurements (39K). The
known mass and measured frequency of the reference ion were used in the calcu-
lation of either the Q-value or the mass M. The frequency measurements of the
reference ion were linearly interpolated to account for first order drifts in the mag-
netic field [63]. The ratio of this interpolated frequency e

nc and the frequency of
the ion of interest nc is then independent of the MPET magnetic field, and it is the
primary result of this experiment. For the direct Q-value measurement:

RQ =
e
nc(51VqV+)

nc(51CrqCr+)
=

m(51CrqCr+)

m(51VqV+)

qV

qCr
, (6.1)
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Table 6.1: Results for the Q-value determination of the 51Cr(e�,ne)51V reac-
tion. Both the measured frequency ratio and the resulting Q-value are
reported with their total uncertainties.

Ion Ref. R = e
nc

V / n

Cr
c Q-value (keV)

51Cr5+ 51V5+ 1.000015851(14) 752.14(64)
51Cr6+ 51V6+ 1.000015827(23) 751.05(108)

Average Q-value: 751.86(55)

0.04(11) ppb per hour [101], were also neglected as the spacing between reference
measurements was only 30 to 90 minutes. The frequency measurements were also
analyzed with mixed charge-state pairings (i.e., 51Cr5+ with 51V6+, and 51Cr6+

with 51V5+), and this variation in m/q produced Q-values all within 1s agree-
ment. This consistency suggests that there are no m/q-dependent shifts that were
unaccounted for in the analysis at the desired level of precision.

Systematic shifts in the measured cyclotron frequency can be caused by the
presence of contaminant ions in the MPET [102]. Although dipole cleaning was
implemented on either 51Cr or 51V, there was a risk of non-unity efficiency in
the dipole cleaning, charge exchange with residual gas, and unidentified contam-
ination. With a typical measurement consisting of 0-2 detected ions per cycle,
possible shifts were accounted for by performing a count-class analysis [103] on
all data sets. Measurements with only 1-2 detected ions after extraction from
the MPET were also analyzed without count-class analysis, and the results were
within 1s agreement. Finally, a small systematic uncertainty of dR5+

sys = 4.6 ppb
and dR6+

sys = 7.4 ppb was introduced by neglecting time-correlations [66] between
neighbouring ratios. The resulting total uncertainty is thus dR5+ = 13.6 ppb and
dR6+ = 22.5 ppb.

The results of all ratio measurements are shown in Figure 6.4 for the two charge
states and various excitation times: 61, 66, 160, and 166 ms. The final weighted
average of the ratios and the resulting Q-value are summarized in Table 6.1. The
resulting Q-value from all data sets is 751.86(55) keV. Furthermore, the absolute
masses of 51Cr and 51V were measured using 39K4+ as a reference ion (see Table
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 226  228  230  232  234  236  238

1954
1955

AME 83
1984
1991

AME 93
1993

AME 95
1995

AME 03

combined
stat.
tot.

stat
tot.

mono-beam

mixed beam

TITAN 2013

237(5)   
231(3)   

235.7(1.6)
233.05(0.48) 
229.2(+0.55−0.45)
229.4(0.7)
232.1(0.1) 
231.9(0.3)
232.65(+0.17−0.12)
232.5(0.2)

233.5(1.2)

232.76(0.3)(1.53)

234.68(0.71)(1.85)

Q-value [keV]
 224

225(12)   
1953

[g]

[e]

[c]
[b]

[a]

[h]

[f]

236(2)   [d] 1963

AME 12232.64(0.22) 2012

Figure 4: Comparison of Q-value measurements (1σ errors) ([a]=Ref.[16], [b]=Ref.[17],
[c]=Ref.[18], [d]=Ref.[23], [e]=Ref.[19], [f]=Ref.[20], [g]=Ref.[21], [h]=Ref.[22]) leading to
various updated AME values (diamonds) in a given year [56, 57, 58, 59, 60]. The individual
IB measurements scatter by up to 6.5σ. The dotted line represents the value taken by
Bahcall [7]. The Q-value measurements from this work (circles) are shown for comparison
with the average value indicated by the dashed line and the error indicated by the shaded
area.

found. Without count-class analysis the scatter of the Q-values for different
settings of Trf and average number of ions resulted in a Birge ratio [61] (which
is a measure of the appropriateness of statistical uncertainties) of 1.74, and
by including count-class analysis it increased to 2.60. This could point to
possible ion-ion interaction effects so far unaccounted for. The total uncer-
tainty was therefore conservatively evaluated to 1.85 keV (in accordance with
the Birge ratio of 2.60, or with a systematic uncertainty of 1.71 keV added in
quadrature to the statistical uncertainty of 0.71 keV). A more comprehensive
discussion of the data analysis will follow in a forthcoming publication.

Our results are compared to indirect IB endpoint measurements [17, 18,
19, 20, 21, 22] and AME values [56, 57, 58, 59, 60] as shown in Fig. 4.
The various error contributions are listed in Table 1. The two indepen-
dent mass-measurement methods as described in this work agree within
their total uncertainties, and they result in a weighted average Q-value of
Q=233.5±1.2 keV. This value does not change the calculated 51Cr ν cross
section to the extent as to reduce the observed GALLEX and SAGE discrep-
ancy in a significant way.

9

AME:        752.63(24)
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3NI

1.2. Nuclear halo and nuclear models

only 2 body interaction

a) electromagnetic

3 body interaction

b) nuclear
2 body interaction and

Figure 1.9: Schematic of the interaction of three bodies due to a) the
Coulomb potential. b) the nuclear potential. The two-body interactions
between pairs of nucleons is symbolized by the black arrow. The three-body
interaction between three nucleons is symbolized by the red arrows. The
Coulomb potential is only generated from two-body interactions, while the
nuclear potential involves both two- and three-body interactions.

TITAN masses. Moreover, we go a step further than this study and also
compare the ab-initio method predictions for the binding energies with the
values calculated from the TITAN masses. By testing the ab-initio method
predictions for two di�erent observables, one can find where the methods
limitations resides and possibly motivate improvement of the methods.

1.2.1 Nuclear potential for ab-initio methods

The interaction among nucleons forming the nucleus is governed by the
strong force and the theoretical description of the strong force is Quantum
Chromodynamics (QCD). However, QCD cannot be treated perturbatively
at the energy scales of the nucleus, which makes it a complex problem to
solve. Therefore, ab-initio methods do not use quark and gluons as their
basic constituents, but instead use nucleons. By neglecting the quark in-
teraction within the nucleons, the nucleons become the e�ective degrees of
freedom of the theory.

To solve the quantum mechanical nuclear many-body problem, ab-initio
methods need thus to construct a Hamiltonian and a wave function. Then,
using these constructions, one calculates various properties of nuclei by solv-

19

2NI
3-body forces:
• new mass of 6He
•masses of Ca-isotopes
• 20,21Mg for tests of IMME
➡ highlights successes and 

challenges of theory

Ga-anomaly:
• confirmed QEC-values of 

51Cr & 71Ge
➡ discrepancy unresolved
➡ eliminates nuclear 

physics uncertainties
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