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Plasma Physics: lecture 2

= Single particle motion

= Larmor radius

" Guiding centre drift

= Confinement with magnetic mirrors

= Adiabatic invariants



Charged particle motion in plasma

" Plasmas made out of mobile positive and negative
charges

* The motion of each charged particle is determined by
the electric and magnetic fields it experiences

" Those fields can be external (e.g. Earth’s magnetic field
and ionosphere) and also generated by all the individual
moving particles within the plasmas (very messy
situation!) - start with simple approximations

= Motion of a charged particle governed by Lorentz force:

d?r
F:m@ = q(E + |[v x B])



Charged particle in uniform B-field

= Reduce the Lorentz equation to:

d?r

= Start with the simple example of a particle moving in
a constant B-field with no curvature in z-direction:

mv=q(vxB) 2> v=w.XxvV

= Define the cyclotron (also gyro) frequency:
. —-qB (# eB —ZeB)
a)c = - wce = a)ci =
m m M

electrons ions




Charged particle in uniform B-field

" The energy of the particle is not altered as the
magnetic field does not do any work on it.

= Note that the force on the particle due the magnetic
field is perpendicular to the direction of motion of
the particle.

=" The motion of particles in the plane perpendicular
to the magnetic field is altered =» circular.

=" The velocity of the particle prior applying the B-field
does not change in the direction of the field (z-axis):

Z=Zyt V.1
- overall helical motion



Charged particle in uniform B-field

= Changes of velocity only in the perpendicular directions
(along x and y axes).

= Consider the speed of the particle in the plane
perpendicular to the field:

= Substitute in the gyro frequency intov = w X v:

Up = —WeVy  and Uy = Wely



Charged particle in uniform B-field

= Differentiate with respect to time:

Uy = —W2vy and Vy = —wffuy

= Simple harmonic motion: v, = v, cos(w.t + ¢)

vy = v sin(wet + ¢)

= With v, and v, being 2 out of phase.
U

vl=\/v§+v§




Charged particle in uniform B-field

= \Write out cartesian coordinates:

r = x9+ oL sin(wet + ¢)

C

U]
Y =90 — = cos(wet +6)

C

z =2y + vyt

= Notice that:

(2~ 20)® + (v — w0)? = (i)



Charged particle in uniform B-field

= Particle moves along a helix

" Circular component of the motion centered around
Xy and y, coordinates - guiding centre

= Radius of this motion is the Larmor radius:




The Larmor radius

" |n plasmas with finite temperature, by conservation of
energy:

degrees of freedom ng=1 ng=2

1 n
E = _mvtgot — 761

> kgT ~where  vi, =vf+v?

1 2kgT
> Emvi=kBT > v, = 5

Vm

. 1% 2kpmT
= Thus Larmor radius: 1, = w—l —J p=
C




Guiding centre drift

= Adding another force acting on the particle.

= Consider the average motion of the particle, which is
simply a movement along the magnetic field with v..

= Add another general constant force:

In z-direction: the motion in x-y plane is unaltered, but there
is additional acceleration along z-direction

In x-y plane: more complicated cases. Assume that the force
acts in this direction and only velocity in this plane is
considered.



General constant force drift

" New equation of motion with F in x-y plane :

. F
V=(w.XV)+ —
m

= And differentiate with respect to time:

V= (w: X V)
= And substitute:

V= w X ((%XVHE)




General constant force drift

= The motion will be circular, as before, with an
additional drift at a constant velocity given by:

we X F

Vq — 5
mwc

_1F><B
_q e

= General expression for any force (e.g. gravity)

= For constant electric field (perpendicular to B), we get:

E xB

Vd

Note: no charge or mass dependance!



Guiding centre drift in constant E field

= Electrons and ions gyrate at opposite directions with
ions having bigger Larmor radius.

" lon gains energy from electric field (y-direction)
increasing v, and with it r;, but looses energy in the
next half cycle and r; decreases again

" Electron does the same, E field along y-axis
but in the opposite @ E —a e
direction ® B

= Qverall drift in x-direction
for both electrons and
ions as these effects Va
cancel out

drift along x-axis

Note: z-axis out of page



Gradient drift in non-uniform B field

= Also called grad-B drift

= Consider straight B-field, but with gradient in density of the
field lines
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Note: z-axis out of page

= The Larmor radius is inversely proportional to the B field

= There is an effective force in the y-direction drift in x-
direction

= Electrons and ions drift in opposite directions as the
gyration is opposite



Gradient drift in non-uniform B field

= For uniform B-field: Vy = WUy
- Fy — _qU:BBz
= —qu (cosw,t)B,

= Assume B-field varies slowly in y-direction:

0B.
Bz:BO—I_y( )
dy

= Substitute:

F, = —qu, (cosw.t) {BO + vy <8BZ )}

dy

Note: Larmor radius small compared to the scale length of the gradient in the B-field



Gradient drift in non-uniform B field

= Substitute for y-coordinate with y,= 0:

0B,
F, = —qu, (coswt) [Bo — Z}—t(coswct) ( 9y )]

= Averaged force: \

Note: The first term averages
., 1 (0B
Iy = qui
2w \ 0y

to 0 and the second to Y.
= Substitute to find drift velocity:




Curvature drift in non-uniform B field

= Consider circular B-field with radius of curvature R, particle
experiences an effective centrifugal force:

F. = mvﬁ%
= Thus drift velocity due to the curvature
of the field is simply: A 1 Foq
mv|2| R x B §> o~
Vd = ¢B2 R? ?Q

R

Cc

But that is not the full story ...




Curvature drift in non-uniform B field

" There is also an associated grad-B drift that arises directly
from the requirements set by the Maxwell’s equations,
i.e. curved field in vacuum cannot be uniform!

= B-field has to be inversely proportional to R:

1 V|B R
| B| o - > Bl =~
. . » |[BI|R xB
= Additional grad-B drift: vve = —v] 0. R2B?
mv? R x B
- 2qB? R?

. : . m RxB [, vi
Full drift thus: | vigia = B R (v - 7)



Magnetic moment

=" Magnetic moment defined as: u = area X current

d w
sCurrent: [ =2 =2_-_9 _ 3%
dt T 2T /W, 2TC
= Thus: u = r? - =€ = vi W, = Lmy] as W, =
M= 2n_2w§qc_23 ¢
. 1 , B
= Magnetic moment: |u = Emvl =7




Principle of magnetic confinement

= Particles constrained to move along the B field lines

= Adding circular motion perpendicular to B to motion
along B-field - helical motion

" lons rotate in opposite direction to electrons

= Particle motion

induces further B
fields
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Magnetic mirrors

= Non-uniform B-field with cylindrically symmetric field
lines along z-axis (or ), no component in 8-direction

= pXB,. force confines particles in the z-direction

%“. \‘6‘9 I
e




Magnetic mirrors

= B.. field value must be approximated

= Starting from Maxwell’s equations: V- -B =0

*Thus: 10 0B,
rc’?r(rBr)—l— 0z =0

* Assume that dB,/0z is roughly constant, and equal to
its value on axis:

10 0B,
ror ) =g,
" 0B, 1 , |08,
TBT——/O T d'r~—§fr L%L_o

1 (0B,
BT B _§r |: 0z ]r:O



Magnetic mirrors

= Consider particle moving along z-axis with Larmor
radius r;, motion perpendicular to B,, thus the particle
experiences vXB force in the z-direction:

No longer ( 1 |:8B :| )
parallel to B F, = qul \ —XTL
0z r=0

N\ SR __Llmvi 9B,
/\ N A \\i—"B 2 B 82
{ - {[1_' r=

- [8B,
///Vlagnetic moment_/v u 8,2 r=0

" The particle feels a confining force F,



Magnetic mirrors
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Magnetic mirrors

= Only particles with perpendicular velocity component

will be trapped and they have: 2 2 2
PP Y Vo = V1o T Yo

" Conservation of the magnetic moment u or angular

2

2
Vio

UJ_:

momentum v, 1; = const.: B
(BO>

= Conservation of energy:
B 2
2 2 2 2 10
Vi = V5 — v = v 1 —
P Rl ro ( By v?

= Particles reflected when v, = 0 : Boup — v B
ref — 0

5
Ul




Magnetic mirrors

= As B increases:

* v, must increase to keep i constant

* v must decrease to keep the kinetic energy constant

= At field maximum B,

* Particles with v{(0) < v%(0) (Z_m — 1) B,
0

Bmax
are reflected. —*ff:j::\;% N
: , B e
* Particles with v (0) > v%(0) (B—’: — 1) ———

are lost.

" Trapped particles oscillate between two reflection points



Loss cone

= Particle velocity components:

" Thus, particles with the pitch angle of the orbit 6
smaller than 8,,, will escape from the confinement:

By
B
= The angle can be changed by particle collisions, thus

many particles can be lost ® magnetic mirror does not
provide good plasma confinement.

sin’ 0, =



Van Allen belts and the northern lights

= Naturally occurring magnetic mirrors are the Van Ellen
radiation belts within Earth’s ionosphere

= Particles from the solar wind get trapped within the
weaker field region between the poles

" Escaping particles cause the northern lights (aurorae)
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Magnetic confinement fusion

| inner poloidal :
toroidal | magnetic field coils e Bl outer poloidal
magnetic field coils magnetic field coils

" The tokamak is an example of magnetic confinement



Bananas in tokamaks
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" Finite size of “bananas” due to small finite drift velocity



Adiabatic invariants

1) The magnetic moment i is conserved.

1 B du
_ 2 _
H=3migs > g =

2) The path integral of v| is conserved. ,
— Particles always follow the field lines. ] = f

0

v,ds
a
3) The flux mapped by the 3D surface due to the drift
motion in B field curvature and gradients is
conserved.

— Particles drift around the equator returning to the same
longitude.



Summary of lecture 2

" In a uniform B field the motion of a charged particle is
helical.

= With the addition of another force, perpendicular to B, the
guiding centre of the particle drifts along a direction
perpendicular to both B and F.

= Electrons and ions drift in the same direction in an electric
and magnetic field.

» B-field gradients and curvature also cause drift (this is an
issue in tokamaks).

" Magnetic fields can be used to confine plasmas (e.g.
magnetic mirrors)

" The magnetic moment of a plasma is called the first
plasma/adiabatic invariant.



