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Plasma Physics: lecture 6

= Electrostatic plasma waves revisited
= Sound waves recap

" |on acoustic waves

= Alfvén waves

= Conductivity and dielectric tensors

= Waves in cold magnetized plasma



Plasma Physics: lecture 6

Part 1



Plasma frequency
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Electrostatic waves in plasma

" This plasma oscillation (or a Langmuir wave) is also
called the electrostatic wave

= Since only the electric field oscillates
" There is no oscillatory magnetic field (as with light)

" From Faraday’s law, we assume wave-like solution:

V><E=—(;—]t3 and KE=E exp(lwt-k-r])

0B
O : —k X E=——
Thus 1k X 5



Electrostatic waves in plasma

" For there to be no oscillating magnetic field, we
need, thus for electrostatic waves we get:

kxE=0
" |.e. the k-vector is parallel to the electric field
: oD
* Now we look at Ampere’slaw: VxH=J+ o
4

" For there to be no magnetic field, we require the
conduction current and the displacement currents
to be equal and opposite:

q pPp oD

J==%




Electrostatic waves in plasma

Overall neutral charge

©O 0 0 0 0 O
© 0 0 0 ©0 O
O ©0 0 0 0 O
© 0 0 0 0 O
o 0 0 0 0 O
© 0 0 0 O O
o 0 0 0 0 O
© 0 0 0 O

o © 0 © O

o 0 0 0 O

Electrons flow left J

dDy/dt

i
I
—

Electric field reduces

as electrons flow



Electrostatic waves in plasma

. . ox
= At any instant the currentis: J = —nev = _nea
L nex
= Our electric field: F = ——
€0

* Compute displacement current (proportional to the rate
of change in the electric field):

dD 0E 0x |
— =fg— =ne— = —
ot ot ot
=" The conduction and displacement currents in an
electrostatic wave are opposite and equal in magnitude



Electrostatic waves in plasma

= Arise naturally from thermal fluctuations of charge
density in plasma of finite temperature

= Can be driven externally, e.g. during scattering
processes during an impact of a photon changing the
density fluctuations

= Previously we obtained the Bohm-Gross dispersion
relation for the electrostatic waves using the Vlasov
equation with no damping term:

3 k B T 2 The dispersion relation
—_— for electrostatic waves in
m warm plasma

2 _ 2
W* = Wpe +



Sound waves

= Sound waves in neutral gases/fluids arise from
oscillating density fluctuations.

= Starting from fluid equations, for ordinary fluids we
have the (simplified) Navier-Stokes equation:

du yP
p [E-I_ (u- V)u] = —VP = —?Vp
= And the continuity equation:
a_p + V(pu) =0
dt

= Assume oscillatory motion: u = vyexpli(k - r — wt)]



Sound waves

" Linearize for stationary equilibrium with uniform P, and

poand get: . YPo .
—lwpgVy = —p—lkP1
0

_l(l)pl + polk . Vl — 0

= For a plane wave with K = kX and v = kV, we eliminate
p1 and obtain:

P ikv
—lwpPyV; = —%ik poiw SN w2V, = kzzv1

" Thus speed of sound waves:

L9 (V_Po)l/z _ (VkBT)
>k 0o M

Phase velocity %

1/2




lon acoustic waves

= Real plasmas have finite temperature resulting in
density fluctuation = equivalent of sound waves

= Starting from fluid equations for waves in x-direction,
continuity equation for ions:

iU;) =0
o+ g M)
= And the momentum equation for ions:
8( ) + 3( 2) n;Zelkk 1 OF;
o (i) + 72— (Nu) = A —
ot oz \ M M Ox
du

From: nm[ + (u- V)u] =nq(E + vxB) — VP| ForB=0

at



lon acoustic waves

= Take spatial and temporal derivatives and merge
equations eliminating the 04 (n;u;)/0tdx terms:

0°n; 0? 5 Ze O 1 0%P,

Ot? Ox? (i) - M@x(mE) M Ozx? =0

" Linearize by neglecting products of perturbed quantities
nl:nl()‘Fﬁ,Ml:ﬂl,E:E,andPl:PZO‘FﬁlZ

62ﬁ7; | TLZ'()ZG 8E~' 1 82PZ
o2 = M Oz M Ox2




lon acoustic waves

= |deal gas adiabatic equation in 1-D: P; = 3k T;fi;
= Substituting for P;:
0%n;  mioZedOFE  3kpT; 0%,
ot? T M 0x M 0z2

* When the ions move, the electrons follow quickly (they
are very light). Therefore the electric field is still due to
the electron motion - restoring electric force and

=0

thermal force: 8( )+ 0 (nou?) = neell 1 0P,
ot felle ox Helle) = m m Ox
= And the electrons are almost massless, thus :

0P,
0x

neelkl = —



lon acoustic waves

= And for isothermal equation of state for electrons, we

have P = 7ikyT,. Hence: ) .
neell = —kgT,
Ox
" Forn, = Zn;p and 11, = Z1; we can ditfterentiate with
respect to x: 9E 527
nioZe% — —ZkBTe 83;‘22

= And substitute:
0%n;  ZkgT, 0%n;  3kgT; 0%h;

Ot? M  Ox? M Ox?

” 0°n; B (ZkBTe + 3kBTi) 0°1;

Ot2 M Ox?



lon acoustic waves

= Wave equation form:

= (
Ot? M Ox?

= Assuming wave-like solutions with the form of:

0°n; (ZkBTe + 3kBTZ-) 0%,

n; X e[iwt—km] > w = xkvi,

" Therefore the ion-acoustic frequency is:

- _ | ( ZksT. + 3knT:
la M




lon acoustic waves

" These waves have low frequency compared to the
electron electrostatic waves (plasmons, Bohm-Gross).

" Jon-acoustic waves are an analogue to sound waves in

normal neutral gases/fluids (see supplemental notes to
this lecture).

" The ions provide the inertia for the waves (density
oscillations) and the plasma pressure provides the
restoring force. The pressure is mitigated by the
electrons. We treat the ions as adiabatic in their motion,
but the electrons as isothermal (they are faster).

" Note that 7’ and 7, are treated separately. The collisions
between electrons and ions take a long time that the
two species have significantly different temperatures.



Plasma waves dispersions

Electro-
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MHD waves in magnetized plasma

" Low-frequency waves in magnetized plasma
= Remembering the momentum equation:

Magnetic pressure gradient

du _ _pp 7B 1 (B-V)B
p—~V = VI ——>— T—I\Db"
dt 21 Mo

Sound wave Shear Alfén waves (due to mag. tension)

. J
Y

Magnetosonic waves

" Longitudinal waves:

For B = 0 reduces to a simple sound wave
Get magnetic pressure waves for: |7 B2

— > VP
2o



Transverse Alfvén waves

® Transverse waves:

From magnetic tension force: — (B :V)B

Ho
= Starting from equation for sound waves:

0%n zazn
- 2 —|=0
dt? 072

= For period oscillations we have:
n(x,t) = nsinlk(x £ v t)]

2T

= Where k = s the wavenumber



Transverse Alfvén waves

= Starting from ideal MHD equations (n = 0), i.e. frozen-in
flux, magnetic field cannot leave the plasma by diffusion

= Simplified momentum equation: dv,,
pm g = 1¥B
*"Forn — 0, R,, = oo, the induction equation:

0B
Fri VX (v,,XB)

= Apply vector identity as before (lecture 5):

= (B V)V + (V- V)B — B(V - V)



Transverse Alfvén waves

" |gnore the contribution of soundwaves, i.e. no density
fluctuation: p = const.andV -v,,, =0

= For wavelike perturbation: B =B, + B,
V,, =Vy+V;
= B-field along z-direction: B, = (0,0, By) and plasma

assumed to be at rest: v, = 0:

dv, _ B = — (VXB,)XB
pm dt _] _‘uo 1 0

dB
— = B0 Nv,

NB: We dropped second order term (v, - V)B;



Transverse Alfvén waves

" Transverse displacement leading to magnetic field
perturbations in the x-direction: By = (B4, 0,0)

=" The double vector product:
(VXB1)XBy = (By - V)B; — (VB;) - By

=0 as B4 in x-direction

u And (BO y V)Bl — BO (ale/aZ)ix and By in z-direction
= Simplify:
DI 0viy By 0Byy
Pm =5t = u, 0z
ale ale

ot 0 9z




Transverse Alfvén waves

=" Combine above expressions to a set of wave equations
for the transverse or shear Alfvén wave:

2 @
a2~ Vaggz|Vix =0
T

a2~ VAgz|Pin =0

= Giving the Alfvén speed:

( Bg >1/2
v —
4 HoPm



Transverse Alfvén waves

=" The transverse Alfvén waves conserve the volume
between the field lines (frozen-in flux).

" There is no compression of the plasma or field lines.

= Waves driven by mag. field tension:

?
% B1 Vphase = %

B




Longitudinal Alfvén waves

= Compressional/longitudinal Alfvén waves propagate

across the magnetic field, i.e. B-field is compressed.
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Longitudinal Alfvén waves

" These are more similar to sound waves:

1/2 2
w P B

Cg = — = (y—) where Pp=—
k p 210

" For 2 degrees of freedom y = 2
" Then the full magnetosonic wave propagates at speed:

B2 \1/2
_w _ 2 2\1/2 _ 0
Vo=~ (v + c&)'/ = where vy (Mopm)

Alfvén speed is the maximum speed of
information transfer

Accounting for kinetic
pressure

= Alfvén Mach number = vl -> shocks foru > v,
A

-> MHD instabilities!!!



Nobel Prize for Physics

The Nobel Prize in Physics 1970 was given to
Hannes O. G. Alfvén “for fundamental work
and discoveries in magnetohydrodynamics
with fruitful applications in different parts of
plasma physics”.




Conductivity/dielectric tensor

= We have previously found the conductivity of

unmagnetized plasma: 5
ne

o(w) = —i—

mw

= And the dielectric (permittivity) function:

Plasma frequency

2 ; CUZ

l
—=1-—o(w)=1——
EoMw EqgW W

ne

c(w)=1-

" |[n unmagnetized plasma, conductivity is a scalar:

J(w) = d(w) E(w)



Conductivity/dielectric tensor

" |n a magnetic field, the path of the electrons (and hence
the current) is not necessarily parallel to the electric
field. To take this into account we must let the
conductivity be a 3 x 3 tensor:

J(w) =d(w) E(w)

* Therefore the dielectric permittivity must also be a

tensor: i
fw)=1——0d(w)
EqW

Identity matrix 0

" Note that waves in plasma still satisfy dispersion
equation (see lecture 3):

(w’e(w)-c’k)E+c’k(k-E)=0



Conductivity/dielectric tensor

" Assume the magnetic field to be along the z-axis.

= In the z-direction, we thus have no motion due to B-
field and the oscillatory E-field gives (as before):

2
ne’ Eowy,
mw w

" The electric field in the z direction never causes any
motion in the x-y plane, and an electric field in the x-y
plane never causes motion along the z-axis:

? 7 0
og— | 7 7 02
0 0 —j%%



Conductivity/dielectric tensor

= Starting from the Lorentz force:

Femll — B +[vxB)
= NN — = V
a7
= And the cyclotron frequency: . —¢gB

w

(\

m

" Thus, the motion of electrons in the plane perpendicular
to the magnetic field:

. e
Vv, =—E| +we XV
™m
. € .
- VJ_:__EJ_‘I‘wce X V]

m



Conductivity/dielectric tensor

= Substituting:

. € e
v, = ——E | +we X (——EJ_—I—wce X VJ_)
m m
= _E(EJ_ +wee XE1) —wivy
m

= As the applied E-field and thus the velocity is oscillatory:
E, = E gexp(iwt) > v = v, gexp(iwt)

= Rewrite the above equation of motion:

€ ..
VLO(w?;e — w2) — —E(szLO + wee X E o)



Conductivity/dielectric tensor

®" The individual components are:

e
2 2 :
Vpo (Wi, — w?*) = —E(szmo + Wee Foyo)
e
2 2 :
Vy0(Wee — W) = _E(Zwao — Wee Fz0)
. W’
" And since] = —nev=o0"-E:
2 2
. &‘()wwp sowcewp O
sz —w? w2 —w?
ce 2 ce 2
o2 —o2 v .2
ce ce 2
LEQW
0 0 1 —EL




Conductivity/dielectric tensor

. — _ . L —
Since: £(w) =1 — o(w)

* Therefore, we get the full dielectric tensor:

. , 2
1 I p —lWce P O
w2 — w2 w w2 —w?
ce 2 Ce2
6 p— TWce P | wp
w w2 —w? 14 w2 —w? 0
0 0 1 —



Conductivity/dielectric tensor

= Simpler form:

= Where:

€1 —i62 0
g = 1€9 €1 0
0 0 €3

Wh
e1 =1+ 5 5
WE, — W
2
c Wee wp
2 2 _ 2
W Wi — W
Wy
Eg3 — 1 — —%



Plasma Physics: lecture 7

Part 2



Waves in magnetized plasma

= Using the dielectric (conductivity) tensor and plugging it
into the dispersion relation, we can derive waves in
magnetized plasmas.

= Rewrite the dispersion relation:
(w’g(@)-c’k)E+c’k(k-E)=0
"As: M-E=0

M= ——e+kk — k°I




Waves in magnetized plasma

= Solutions depend on the polarization of the wave

(direction of the k-vector), which we track with: N = —

" Thus using the dielectric tensor we find:

5 €1 —’ié‘g 0
M="c+kk— kT e=| iz & 0

c 0 0 &3

2 [ e1—=Ny—N? —ies+ NN, NN,

M= — | idea+ NN, &1 —N2—N? N, N,
¢ NN, N, N, g3 — N2 —

ck
W

N2



Waves propagating || to B-field

" For waves parallel to the B-field: N, = N, = 0

=" The tensor becomes:

o [ €1— N? —1€9 0
M = c—2 €9 E1 — Ng 0
0 0 €3
= Non-trivial solution for M - E = 0 occur for roots of

det(M) = O:
e3[(e1 — N7)? —e3] =0

= \Which has three solutions:

2
eg =0 and &3 —Nz — I €9



Waves propagating || to B-field
" The first solution of ¢35 = 0 simply reproduces plasmon

waves at the plasma frequency: w?* = wj

" |[n this case we have: - ) : .
(,-N.) —IE, 0

M="| i, (g-N?) O
0 0 0

= |.e. M - E = 0 satisfied for E field (0,0,E,), thus we get:
k-E=x0 , kxE=0

= Consistent with an electrostatic wave introduced before.



Waves propagating || to B-field

= Now we focus on the other two solutions (EM waves?):

E1 — Ng = I &9

= Starting with: &;,— &,= N7?

2k2

= We defined £ to lie along z-direction: NZ2 = sz
= Substitute: 2.2 2
n? = K =1 — “p

w2 CU((U + wce)

" |f there is no B-field, w,, = 0 and we obtain known

dispersion of electromagnetic waves: , , Y o
w* =wy + ¢ k



Waves propagating || to B-field

=For: &+ &= N/

= We then get: , 2k w2

— — 1 — P
" w? w(w — Wee)

" For no B-field, w,, = 0 the dispersion of EM waves is

once again reproduced:
w?* = wj + c*k?

= Substituting for £;+ &,= N2, we get:

2 E9 —7:82 0
M = C—2 7:82 TE9 0
0 0 €3




Waves propagating || to B-field

" The solution for M - E = 0, we require the electric field
of the form: (E,, +iE,, 0), i.e. the k-vector is

perpendicular to the electric field as expected for
electromagnetic waves!

= Unlike in unmagnetized plasma, where the EM wave
was linearly polarized, the EM waves in magnetized
plasma are circularly polarized for k || B.

= Consider the “left-handed” wave first:

2
2 Czk2 UJp
» w(w + Wee)




Waves propagating || to B-field

" Notice that for w very large compared to w, and w., we
reproduce the vacuum dispersion. At high frequency
there is no time in one period to interact with the
plasma oscillations or the gyratory motion of electrons.

= At low w we get to the cut-off point where k = 0 and
the waves get infinitely long wavelength, i.e. below the
cut-off frequency w; - waves can no longer propagate:

2

w
1— P =0 _ \/ 2 | A2
w(w + wWee) S e Wee 1 4 /Wee + 4wy
wZ—I—wcew—wg:O 2

-> Wave reflected



Waves propagating || to B-field

" Now, the “right-handed” wave:

w3w?
22 — 2 p
wW(w — Wee)

" For large w we recover w = ck again.

" For small w compared to w, and w., we see that:

ww2

212 p
ck ~
(wce — w)

" There is a pole at w = w,,, i.e. resonance - woveabsored

" But we ignored the motion of ions here (and got k «
Vw), which is not correct at low w = Alfvén waves



Waves propagating || to B-field

" If w is just above w,,, then k is imaginary = no
propagation.

= But if w is increased further, the first term on r.h.s
exceeds the second term and waves can propagate
again:

w?w?
22— 2 p
w(w — Wee)

= Cut-off frequency for the right-hand wave at k = O:

Wee + \/wge + 4wz

2 -> Wave reflected



Waves propagating || to B-field

Frequency

k - Vector
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Whistler modes

= \Whistler modes detected at low
frequency radio (AM)

= Comes from a lightning strike on an
opposite hemisphere

Stanford VLF Palmer Station 2004-07-23
8000

4000-

Frequency (Hz)

Time (HHMM:SS)

Plasmasphere

[ avf

c
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e
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Low-frequency waves
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Waves propagating L to B-field

* The analysis using the dielectric tensor can be followed
the same way but with keeping either N, or N, non-zero
too, with all other components set to zero.

" There is no physical differences between the waves with
either N, or N, non-zero terms.

= Such analysis produces new electromagnetic modes
called the O-mode (ordinary) and two extraordinary
ones (X-mode).

2 [ e —N;—NZ —iea+ NN, N,N.
M=—| idea+N;N, & —N2—N? Ny N,
- N, N, NyN. e3 — N2 — N2



Waves propagating L to B-field

" |f the wave propagation is 1 to the B-field, the electron
motion will be affected by the B-field

= We choose propagation along x-axis (k-vector || to x-axis)
" N, non-zero, N, = N, =0

= Care must be taken as such waves tend to be elliptically
polarized, i.e. the wave develops an E, component
becoming partly longitudinal and party transverse. Thus
we must allow the E-field to have both x and y
components.



Waves propagating L to B-field
= And we obtain a new form of the conductivity tensor:

2 €1 —L&y 0
M=—|is, & —N? 0

2
1o 0 & — N2

" Again, non-trivial solutions for M - E = 0 occur for roots
of det(M) = 0:

(63— Ng)-[e1- (&1 = Ng) — &3] =0

= Again, offers three solutions



Waves propagating L to B-field

, c?k? a)ﬁ
w? w2

" |l.e. M - E = 0 again satisfied for E field (0,0,E,), thus we
get the electric field aligned with the static B-field, and
the refractive index is not affected by the B-field

= Resultant dispersion relation is of the electromagnetic

wave seen in lecture 3:
w? = wg 1+ c2k?

" This is the “ordinary wave” or O-mode, linearly polarized



Waves propagating L to B-field

" The cut-off frequency of the “ordinary wave” is the
plasma frequency as shown in lecture 3:

w? = wg 1 k2

a)=a)p

- Wave reflected

dw wp
=40 —/ 12
d]\ (f)z

no propagation, vg




Waves propagating L to B-field

= Now, solutions for:

(81 —lE, ) (Ex) — 0
LE, 51_N9? Ey -

" Non-vanishing solutions for E when the matrix

determinant is zero: ,
€
> (e —Ng)-eg—e5=0 > N2=¢g ——=

€1

= Get dispersion relation by substituting for N, &; and &;:

c’k? w? Weo W2

Njg— e1 =1+ P Eg = P

w2 w2, — w? w w2, — w?



Waves propagating L to B-field

= Define the "upper hybrid frequency’: w‘lzih = a)g ~+ a)ge

c?k? 2
Y =1—w2 02 — 2
uh

_ 2
Wp

2
)

= After much algebra: P,

" Giving the “extraordinary wave” or X-mode

" Resonance occurs when k = o as w = wyy - weveabsorbed

= Cut-off happens when k = O: 5 Wave reflected

= After some more algebra: wﬁ Wee




Waves propagating L to B-field

= Solving the quadratic equation, we get two cut-off
frequencies for the left-hand wave:

—Wee + \/a)cze + 4w}

-> left-hand cut-off

Wrx = 5
= And the right-hand wave at k = 0: > Wave reflected
Wee + J Wee + 4w}
W RX — 2 - right-hand cut-off

= The same solutions as for the waves with k || B

=" These are also EM waves, just dispersion relation affected by
the B-field - elliptically polarized fork 1 B



Waves propagating L to B-field




Alfvén waves revisited

" The Alfvén waves can alternatively be derived from the
conductivity/dielectric tensor for ions too.

" Let’s go back and consider right circularly polarized
waves travelling parallel to the B- field.

= At very low frequencies we cannot ignore the response
of the heavy ions - they have time to move.

" The ion plasma frequency for n; = n/Z ions:

o (/2)(Ze)?
P SQM

nZze?

EoM



Alfvén waves revisited

= Redefine the dielectric tensor with new terms:

w2 w2

e1 =1+ = + 2pi

wge — w? Wei — w?
2 2
_ Wee Whre Wei Whi
&2 = 2 2 2 2
W Wi —w W wh —w
2 2
_ Wse Wi
SB= LT Y T 2
W W

" Note: ion gyro-frequency has an opposite sigh: —w,;

" The “right-handed” wave expression then becomes:

219 2 2
o CkT “pe “pi
n=—=1- —
w Ww —Wee) w(w+we)
Whe + Wpi

(Wee — w)(Wei +w)



Alfvén waves revisited

" |n the low frequency limit w — O:

27.2
c“k W3 o
n? = 2zl—l— &

w
= Substituting for wge, W and w;:

o2 _ c? k> N n; oM c

B B2

= Refractive index:

c?k? c? B¢ 1z
n? = ~1+— where (V4=
.Uopm

w* V)
-> Alfvén speed




Alfvén waves revisited

= Rearrange to obtain the phase velocity of the waves:

0)) Uy
— X Uy

k 2
{1+

" As typically v, < ¢, the low frequency waves travel at
Alfvén speed as shown previously

" The expression for left-handed waves also reduce to v,
for very low frequencies

" These are the same waves due to magnetic tension
force derived for ideal MHD (frozen-in flux)



Lower hybrid resonance

= Similarly, the ion motion needs to be added if we want
investigate the low frequency behavior for X-waves,
we obtain the lower hybrid resonance frequency’:

2 2
[ 2 WpiWce
Wip = | wg T
pe + wce

1/2

-> Wave absorbed
" The X-mode has a resonance at w = wyy, since k — oo
aS W — Wip

= |In the limit of high electron density w?z, < a)pe, the
lower hybrid frequency approaches w,



Plasma waves ZOO

Electron
Cyclotron Wave

/ fon-
// Cyclotron-Wave

i/ Alfvén-Wave

cut-off . Resonance

®  X-Mode |K1B|
3 frequency regions
20, : for plasma heating
- O-Mode ‘
Oun / - UHR |
Dce UH-Wave
w
. ® ECRH
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Ow __LHR
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Summary of lectures 6 — 7

" [on-acoustic waves equivalent to soundwaves in plasma.

= At very low frequencies ion dynamics are important, and we find
Alfvén waves (frozen-in flux).

* The Alfvén speed: B2 1/2
= (i)
HoPm

" [n a magnetized plasma the conductivity and dielectric

permittivity are tensors.

w2

= Waves exist when M - E = 0, where M = — €+ kk — k°I
C
" For waves parallel to the B field, the electrostatic wave exists as
before, plus circularly polarized waves.

= Waves travelling perpendicular to the B-field give rise to O and X
waves.



