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ABSTRACT 

In this study, the complexation of Eu(III) and Cm(III) with aqueous phosphates was 

investigated using laser-induced luminescence spectroscopy. Experiments at 25 °C and 

different ionic strengths (0.6 to 3.1 mol∙L
−1

 NaClO4) established the formation of 

EuH2PO4
2+

 and CmH2PO4
2+

. From the conditional stability constants, the respective 

values at infinite dilution as well as the ε(Me(H2PO4)
2+

;ClO4
−
) (Me = Eu or Cm) ion 

interaction coefficients (using the specific ion interaction theory - SIT) were derived. 

Further experiments (at constant ionic strength of 1.1 mol∙L
−1

) showed, that upon 

increasing the temperature (25-80 °C), the formation of both EuH2PO4
2+

 and CmH2PO4
2+

 

was favored. Using the van’t Hoff equation, the enthalpy ∆𝑅𝐻𝑚
0  and entropy ∆𝑅𝑆𝑚

0  of 

these reactions were derived, corroborating an endothermic and entropy driven 

complexation process. This work contributes to a better understanding of the coordination 

chemistry of both trivalent actinides and lanthanides with phosphate ions. 

 

Keywords 

Complexation; Europium; Curium; Aqueous phosphate; Temperature; Luminescence 

spectroscopy 
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INTRODUCTION 

Together with other parameters compiled in thermodynamic databases (TDB), such as 

fugacity of gaseous phases, enthalpy, entropy, heat capacity and Gibbs free energy, the 

reliability and internal consistency of solubility products (Ksp° for amorphous and 

crystalline phases) and aqueous complexation constants (log β°) of potential 

environmental contaminants are important key parameters.  

TDB find use in many applications such as underground disposals of chemotoxic waste, 

decontamination of polluted areas, hydrometallurgy, electrochemistry, corrosion science, 

and chemical engineering. Other relevant uses concern the safety assessments of future 

high-level radioactive waste (HLW) disposal sites and the optimization of technological 

processes to access critical raw materials such as Rare Earth Elements (REE). Thus, a 

detailed comprehension and generation of reliable data, describing the key mechanisms 

controlling the mobility of contaminants in the environment, is of great importance. Such 

mechanisms include adsorption, surface precipitation, ion exchange, incorporation, and 

redox reactions on mineral phases, formation and stability of colloids, various 

interactions with microorganisms as well as aqueous complexation by organic/inorganic 

ligands. 

Raw material recovery involves optimization of technological processes used in the 

recovery process, making them more efficient, sustainable, and energy-saving. The 

development of innovative technologies for improving recovery and recycling critical 

raw materials from ore bodies during their mining from natural deposits, separation, 

processing, and finally recycling from secondary resources (called the value creation 

chain), is of paramount interest for the worldwide economy to safeguard a steady supply 

of raw materials. The modeling of flowsheets, graphically representing the variety of 

physico-chemical operations involved in the value creation chain, is highly depending on 

reliable TDB. Thermodynamic-based prediction is a cost-effective and time-saving 

approach, which allows increasing the economic efficiency and the environmental 

friendliness, as well as designing more effective extraction and recycling processes. 

In the field of HLW disposal safety, the environmental fate of radionuclides (RNs) such 

as actinides and fission products disposed in underground nuclear waste repositories is of 
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major concern. Long term safety assessments of these disposal sites rely on the ability of 

geochemical models and TDB to forecast the mobility of RN over very long time periods.  

One of several examples where relevant thermodynamic data is scarce or even 

completely missing is related to the complexation of lanthanides (with relevance to REE 

recovery) and actinides (with relevance to HLW disposal) with aqueous phosphates. 

Orthophosphate ions are ubiquitous in the environment and may originate from the 

natural decomposition of rocks and minerals (e.g. monazite or apatite), agricultural 

runoff, or from wastewater treatment plants. Solid phosphate monazites are one of the 

most important ore bodies for the recovery of REE (e.g. Kumari et al.
1
), while future 

monazite applications may involve their use as immobilization matrices for specific HLW 

streams.
2-4

 The phosphate concentrations expected from respective mineral dissolution 

are difficult to estimate and depend on a variety of (geo)chemical boundary conditions. 

The more it is essential to identify relevant species sets for aqueous trivalent f-element 

phosphates and their stability regions. Another side effect is the potential to form 

secondary phases which again may significantly impact on REE and actinide mobility.  

The situation concerning the complexation of Eu(III) with phosphate ions is quite 

unsatisfactory, although it has been used for decades as an analogue for other trivalent 

lanthanides and even trivalent actinides. In fact, there is not a single experimental log β 

value determined directly for aqueous europium phosphates. All the available data is 

based on extrapolation using linear free-energy relationships (LFER) from the work of 

Byrne et al.,
5
 who studied only the complexation of Gd(III) and Ce(III) by phosphate ions 

at 25 °C by solvent extraction. Formation constants for GdPO4
0
, GdHPO4

+
, Gd(HPO4)2

−
 

and GdH2PO4
2+

 were reported, while the presence of only CePO4
0
 was considered 

sufficient to explain the experimental data. As highlighted by Hummel et al.,
6
 this 

surprising set of Gd species was selected solely on the basis that an acceptable fit of the 

experimental data could be obtained, with similar statistical errors for all four Gd 

complexes. Thus, without any independent spectroscopic proof of existence, the use of 

such a set of species in a LFER extrapolation should be done with caution. 

For actinides such as americium and curium, Silva et al.
7
 recommended a log β° value 

for AmH2PO4
2+

 at 25 °C, based on the solvent extraction study of Rao et al.
8
. However, 

based on the same study, a value for AmHPO4
+
 could not be recommended by Silva et 
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al.,
7
 as the stoichiometry of the dominant species (AmHPO4

+
 or AmPO4) in neutral and 

weakly basic conditions was not unambiguously proven. Later on, Morgenstern
9
 and 

Moll et al.
10

 reported formation constants of CmH2PO4
2+

 determined by means of laser 

spectroscopy at 25 °C, while that of CmHPO4
+
 was only reported by Moll et al.

10
 No 

spectroscopic evidence for the formation of other species such as MePO4
0
 or Me(HPO4)2

−
 

(Me = Ln(III) or An(III)) is available in the literature. Consequently, a complete and 

reliable set of Ln(III)/An(III) phosphate species is currently still missing, as are 

respective complex formation constants. Furthermore, there are no studies dealing with 

the impact of elevated temperatures on An/Ln complexation with aqueous phosphates, 

despite the relevance of high temperatures in both REE leaching from monazites minerals 

and in the proximity of heat-generating HLW repositories.  

Thus, the general purpose of this study was to close a critical gap of knowledge related 

to the coordination chemistry of both actinides and lanthanides with phosphate, and to 

derive complexation constants for spectroscopically identified species. Due to the 

challenging low solubility of Ln(III) and An(III) phosphate phases,
11-13

 the experiments 

were performed at acidic pH (−log [H
+
] = 0.1) at 25 °C. The complexation of the 

lanthanide Eu(III) and the actinide Cm(III) with phosphate was investigated by means of 

laser induced luminescence spectroscopy. Indeed, such an advanced spectroscopic tool 

allows (i) in situ monitoring of the Ln/An speciation at micromolar concentrations and 

below, and simultaneously (ii) identifying the prevailing species as well as their 

stoichiometries. In order to keep the activity coefficients constant for the calculation of 

conditional stability constants, the ionic medium method was applied, which is based on 

the use of high concentrations of an inert background electrolyte (0.6 to 3.1 mol∙L
−1 

NaClO4). It enables the application of the specific ion interaction theory (SIT) to derive 

the complexation constant at infinite dilution (log β°) as well as the respective ion 

interaction coefficients (ε). Thermodynamic parameters such as the molal enthalpy of 

reaction (∆𝑅𝐻𝑚
0 ) and the molal entropy of reaction (∆𝑅𝑆𝑚

0 ) are required to describe the 

environmental fate of Ln(III) and An(III) at temperatures other than 25 °C. Such 

parameters were derived by investigating the impact of elevated temperature (25 to 

80 °C) on the complexation reaction followed by using the linear van´t Hoff equation. 
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EXPERIMENTAL SECTION 

Reagents 

Solutions were prepared with high purity reagent grade materials without any further 

treatment. EuCl3∙6H2O (Sigma - Aldrich, 99.99 % purity) was dissolved in 1∙10
−3

 mol∙L
−1 

HClO4 to obtain a europium stock solution having an initial concentration of 

1∙10
−3

 mol∙L
−1

. For the curium experiments, a 1∙10
−4

 mol∙L
−1 248

Cm stock solution in 

0.1 mol∙L
−1

 HClO4 was used. Aliquots from these stock solutions were taken to obtain the 

desired Eu or Cm final concentrations. NaClO4∙H2O (Sigma-Aldrich, p.a., ACS reagent, 

≥ 99.5 %) was taken as a background electrolyte. Ortho-Phosphoric acid (85 % from 

Merck/Roth) was used as a source of phosphate ions.  

pH measurements 

At ionic strengths higher than 0.1 mol∙L
−1

, the pH measured in solutions (pHexp) is an 

operational apparent value.
14-17

 It can be related to the molar H
+
 concentration as given in 

Equation 1:  

 

−log [H
+
] = pHexp + Ac                                                                                                   (1) 

 

The liquid junction potential, which depends on the electrolyte concentration, differs for 

saline solutions and dilute buffer solutions (used for the calibration of the pH electrode). 

This variation together with the individual activity coefficient γH+, are included in the 

term Ac, which depends exclusively on the concentration and composition of the 

solutions.
14-17

 

To determine the correction factor, solutions with known H
+
 concentrations at different 

ionic strengths (0.5 to 4 mol∙L
−1

) were prepared at 22 °C using HClO4 and NaClO4. Their 

pHexp were measured with combination pH electrodes (SenTix® MIC from VWR). In 

order to avoid precipitation of KClO4 in the diaphragm of the electrode, the original 

junction electrolyte (3 mol∙L
−1

 KCl) was replaced by a 3 mol∙L
−1

 NaCl solution. The 

electrodes were calibrated using standard buffer solutions (WTW). All pH measurements 

and the obtained correction factor are summarized in the Supporting Information (Figure 

S1 and Tables S1-S2).  
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Compositions of the solutions 

As a first step, the impact of the ionic strength on the complexation of Eu(III) and 

Cm(III) with phosphate was investigated at 25 °C. The proton concentration was kept 

constant at 0.1 mol∙L
−1

 and the ionic strength, imposed by NaClO4, was ranging from 0.6 

to 3.1 mol∙L
−1

. According to the correction factor for pH measurements at high NaClO4 

concentration (SI), the pHexp of the solutions at 0.6, 1.1, 2.1 and 3.1 mol∙L
−1

 ionic 

strength were 0.81, 0.74, 0.56 and 0.34, respectively. 

The total phosphate concentration denoted as [Σ(PO4)], was ranging from zero to a 

maximum of 10 % of the total ionic strength in solution. The concentration of Eu(III) and 

Cm(III) were 5∙10
−6

 and 3∙10
−7 

 ̶ 5∙10
−7

 mol∙L
−1

, respectively. In a second set of 

experiments the impact of elevated temperature was investigated. The solutions prepared 

at I = 1.1 mol∙L
−1

 were taken and stepwise heated up to 80 °C using a HLC ThermoMixer 

(MKR 23 BlockThermostate, Ditabis). 

Laser-induced luminescence spectroscopy 

The in situ solution speciation of Eu(III) and Cm(III) in the presence of dissolved 

phosphates was investigated with laser˗induced luminescence spectroscopy. The 

luminescence emission signal of Eu(III) and Cm(III) is sensitive to changes occurring in 

the metal cation coordination spheres as a result of, e.g., complexation reactions. For 

Cm(III) such complexation reactions will induce a shift of the emission peak position of 

the free aquo ion at 593.8 nm, typically to longer wavelengths (called a red-shift or 

bathochromic shift). In case of Eu(III), changes are seen especially in the intensity of the 

hypersensitive emission transition, 
5
D0  

7
F2. These spectral changes can be used to 

monitor the Cm(III) and Eu(III) complexation with aqueous phosphates, and to derive 

species distributions that can further be used for the calculation of conditional 

complexation constants. 

For the luminescence measurements, 3 mL of the sample volume was pipetted into 

quartz cuvettes. The sample temperature was kept constant at the desired temperature in a 

heatable cuvette holder (Quantum Northwest TL 125) during the complete duration of the 

measurement. The laser spectroscopic measurements were performed with a pulsed 

Nd:YAG (Continuum Surelite II) pump laser coupled to a solid-state optical parametric 

oscillator (OPO, PANTHER EX OPO, Continuum). The luminescence emission spectra 
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were recorded at 580 – 620 nm, 1 µs after the exciting laser pulse (λex = 396.6 nm for 

Cm(III), λex = 394 nm for Eu(III)). The luminescence emission signal was detected by an 

optical multichannel analyzer with a 1200 lines/mm grating and an ICCD-Camera (iStar, 

Andor).  

Speciation calculations 

To predict the concentration of free H3PO4, speciation was calculated with 

PHREEQC.
18

 The ThermoChimie database (version 9b0) from ANDRA
19

 using the SIT 

approach to deal with the activity coefficients was used. In a first step, calculations were 

performed at different ionic strength (0.6, 1.1. 2.1 and 3.1 mol∙L
−1

 NaClO4), at 25 °C and 

at [H
+
] = 0.1 mol∙L

−1
. The total phosphate concentration, identical to those taken for the 

batch experiments, was ranging from 1∙10
−4

 to 0.15 mol∙L
−1

. Afterwards, similar 

calculations were performed at [H
+
] = 0.1 mol∙L

−1
, but at elevated temperatures (40, 50, 

60 and 80 °C). 
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RESULTS 

Influence of the ionic strength on the complexation of Eu(III)/Cm(III) by phosphate 

at 25 °C 

Laser spectroscopic investigations 

Recorded Eu(III) and Cm(III) emission spectra for different phosphate concentrations at 

I = 1.1 mol∙L
−1

 and T = 25 °C are presented in Figure 1 (top). The spectra are 

normalized to the same 
7
F1-band intensity in case of Eu(III) and to the total surface area 

in case of Cm(III). For Eu(III) the intensity of the 
7
F2 band can be seen to increase with 

increasing phosphate concentration, while an additional red-shifted peak appears in the 

Cm(III) emission spectra. These changes can be attributed to complexation reactions 

occurring between the trivalent metal cations and phosphates in solution.  

 

Figure 1. Normalized emission spectra of Eu(III) (top, left) and Cm(III) (top, right) 

recorded for various phosphate concentrations at 25 °C. (Note: The y-axis scales are 

different due to the different normalization procedures for Eu(III) and Cm(III) 

luminescence data.) Single component spectra corresponding to the free aquo ion (Me
3+

) 

and the Me(H2PO4)
2+

 (Me = Eu or Cm) complex (bottom).  
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To obtain pure component spectra of the individual species as well as their relative 

distributions and fluorescence intensity (FI) factors, the measured multicomponent 

spectra were deconvoluted. A comprehensive discussion of the deconvolution process can 

be found in Huittinen et al. 2012.
20

 Two pure components were extracted from the 

recorded Eu(III) and Cm(III) spectra (Figure 1, bottom). One of the species corresponds 

to the free non-complexed metal aquo ion, the other one was tentatively assigned to a 

Eu/Cm-phosphate complex, i.e. Eu(H2PO4)
2+

 and Cm(H2PO4)
2+

. A detailed discussion of 

the assignment of this phosphate stoichiometry will be given later in the text. 

The relative distributions of the involved species were obtained with least-squares 

fitting of the collected luminescence data using the derived pure component spectra. The 

distribution was thereafter corrected with the FI factors of the two species, which were 

determined from the measured integrated fluorescence intensity of the sum spectra with 

respect to the intensity of the aquo ion. By setting the relative intensity of the trivalent 

metal aquo ions to one (1), FI factors of 1.15 and 0.68 were found for the Eu-phosphate 

and Cm-phosphate species, respectively. The obtained species distributions are presented 

in Figure 2 (left). 
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Figure 2. Left: spectroscopically derived aqueous speciation as a function of total 

phosphate concentration for Eu(III) (top) and Cm(III) (bottom) for I = 1.1 mol∙L
−1

 and T 

= 25 °C. Right: slope analysis performed for the equilibrium Me
3+

 + H3PO4 ⇌ 

MeH2PO4
2+

 + H
+ 

(Me = Eu or Cm). 

From the species distributions it is evident, that the fraction of the Eu(III)-phosphate 

complex exceeds that of the Cm(III)-phosphate one for similar phosphate concentrations. 

Thus, a larger complexation constant can be expected for the former one. With increasing 

ionic strength, the complexation equilibrium is shifted to the product side, i.e. the 

formation of Eu/Cm(H2PO4)
2+

 is promoted at higher ionic strength. For the spectroscopic 

data at I = 0.6, 2.1, and 3.1 mol∙L
−1

, the reader is referred to the SI (Figures S2 and S3).  

Determination of the conditional constants at 25 °C 

The molar concentrations of the Eu
3+

/Cm
3+

 aquo ions and the postulated MeH2PO4
2+

 

complexes at 25 °C and four ionic strengths were obtained from the derived species 

distribution (Figure 2, left and Figure S3 in SI) and converted to the molal scale. For such 

conversions, the required density of the NaClO4 background electrolyte solutions at the 

given temperature and concentration was taken from Söhnel and Novotný.
21
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These molalities were thereafter used to calculate the conditional complexation 

constants log β(I) assuming the following equilibrium: 

 

Me
3+

 + H3PO4 ⇌ MeH2PO4
2+

 + H
+ 

(Me = Eu or Cm)  

 

The concentration of free phosphoric acid at the different ionic strengths under 

investigation was calculated in the molal scale using PHREEQC and the SIT database. At 

this stage, two important issues have to be discussed. 

The first one is related to the values of the ε(Na
+
;H2PO4

−
), ε(Na

+
;HPO4

2−
), and 

ε(Na
+
;PO4

3−
) ion interaction coefficients. Lemire et al.

22
 mentioned that their 

recommended values (Table 1) were taken from the original values reported by 

Ciavatta.
23

 However, after a careful examination, the ε values under discussion (Table 1) 

are different in both sources.
22, 23

 This is due to the fact that Ciavatta
23

 used a linear 

function ε(j;k) = ε(1) + C∙log(I) to calculate these ε coefficients. Lemire et al.
22

 also 

provided ε values taking into account their ionic strength dependency and they seem to be 

in agreement with those reported by Ciavatta
23

 (except for the C value for ε(Na
+
;HPO4

2−
)

). 

Using a recent study performed by El Guendouzi and Benbiyi
24

 who determined the 

mean activity coefficients of NaH2PO4 and Na2HPO4 at 25°C, authors derived other 

values for ε(Na
+
;H2PO4

−
) and ε(Na

+
;HPO4

2−
), without considering an ionic strength 

dependency (Table 1). Due to the fact that the ionic strength dependent function is not yet 

implemented in any geochemical codes, any practical application has to use the 

interaction coefficients obtained from the linear fitting. One just needs to bear in mind 

these limitations. 

The impact of using the values derived from El Guendouzi and Benbiyi
24

 instead of 

those reported in Lemire et al.
22

 on the final log β values was marginal (Δlogβ = 0.0025). 

Thus, the ε(Na
+
;H2PO4

−
), ε(Na

+
;HPO4

2−
) and ε(Na

+
;PO4

3−
) values recommended by 

Lemire et al.
22

 were used in the present study for all further computations.  
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Table 1. Comparison of ε(Na
+
;H2PO4

−
), ε(Na

+
;HPO4

2−
), and ε(Na

+
;PO4

3−
) reported 

in the literature and calculated in this study 

ε (kg∙mol
−1

) Lemire et al.
22

  Ciavatta
23

 

This study (based 

on El Guendouzi 

and Benbiyi
24

) 

(Na
+
;H2PO4

−
) −0.08±0.04 ε(1) = −0.11; C = 0.09

a
 −0.05±0.01 

(Na
+
;HPO4

2−
) −0.15±0.06 ε(1) = −0.19; C =0.06

a
 −0.19±0.01 

(Na
+
;PO4

3−
) −0.25±0.03 ε(1) = −0.29; C = 0.10

a
 −0.26±0.01 

a 
data fitted with a linear function ε(j;k) = ε(1) + C∙log(I)  

 

The second point relates to the classical conflict between the ion interaction model and 

the ion association model. In the latter, the formation of ion-pairs is considered and the 

activity coefficients only depend on the ionic strength of the solution. Lemire et al.
22

 

clearly indicated that the ion interaction coefficients tabulated by Ciavatta
23

 were 

calculated without taking into account ion pair formation. Although the Thermochimie 

database is based on the SIT model, it also contains formation constants of the NaH2PO4
0
, 

Na(HPO4)
−
 and NaPO4

2−
 ion pairs. Neglecting the formation of these ion pairs during the 

calculation of the concentration of the free phosphoric acid led to an offset Δlogβ = 0.03 

in the complexation constant. Resolving such conflicts requires much more efforts and is 

not the scope of the present paper. Hence, a pragmatic approach was adopted: the 

formation of the NaH2PO4
0
, Na(HPO4)

−
  and NaPO4

2−
 ion pairs was included and the 

uncertainty on each log β was increased by an absolute value of 0.03. 

Since the concentrations of Eu(III) and Cm(III) were orders of magnitude lower than 

that of H3PO4, it is safe to assume that the speciation of the latter was not significantly 

impacted by the trivalent cations during the complexation. By applying the law of mass 

action, the following expression of the conditional stability constant was obtained: 

 

𝑙𝑜𝑔𝛽(𝐼) =
𝑚

𝑀𝑒𝐻2𝑃𝑂4
2+𝑚

𝐻+

𝑚𝑀𝑒3+𝑚𝐻3𝑃𝑂4

                                                                                              (2) 
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Based on Equation 2, the term log 
𝑚

𝑀𝑒𝐻2𝑃𝑂4
2+

𝑚𝑀𝑒3+
 + log 𝑚𝐻+ was plotted as a function of 

log 𝑚𝐻3𝑃𝑂4
 at an ionic strength of 1.1 mol∙L

−1
 (Figure 2, right). The results of the slope 

analysis for the data at I = 0.6, 2.1, and 3.1 mol∙L
−1

 are given in the SI (Figures S4 for Eu 

and Figure S5 for Cm). The slopes were systematically close to one, confirming the 

postulated formation of the MeH2PO4
2+

 complex. The conditional log β, corresponding to 

the intercept at origin in each of the slope analysis-plots, are summarized in Table 2, 

together with their uncertainties.  

Table 2. Thermodynamic conditional stability constants for the formation of 

EuH2PO4
2+

 and CmH2PO4
2+

 at 25 °C at varying ionic strengths 

Ionic strength 

(mol∙L
−1

) 
Eu

3+
 + H3PO4 ⇌ EuH2PO4

2+
 + H

+
 Cm

3+
 + H3PO4 ⇌ CmH2PO4

2+
 + H

+
 

0.6 0.17±0.14 −0.25±0.22 

1.1 0.29±0.11 −0.14±0.10 

2.1 0.34±0.18 −0.06±0.11 

3.1 0.39±0.20 - 

 

Raising the ionic strength led to an increase of the complexation constants for both 

EuH2PO4
2+

 and CmH2PO4
2+

 at 25 °C, as already suggested by the luminescence data.  

Extrapolation to zero ionic strength at 25 °C 

The extrapolation to infinite dilution requires the consideration of the activity 

coefficients. Applying SIT,
22

 the activity coefficient of the species j (taking part in the 

reaction) interacting with species k can be expressed as: 

 

𝑙𝑜𝑔10𝛾𝑗 =  −𝑧𝑗
2𝐷 +  ∑ 𝜀(𝑗; 𝑘)𝑚𝑘𝑘                                                                                  (3) 

 

with zj representing the charge of species j, ε(j;k) being the ion interaction coefficient 

between species j and species k, mk the molality of species k, and D the Debye-Hückel 

term: 
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𝐷 =
𝐴√𝐼𝑚

1+𝐵𝑎𝑖√𝐼𝑚
                                                                                                                  (4) 

 

In the Debye-Hückel term D, the term A is the Debye-Hückel constant. The NEA TDB 

provides a table (see Appendix B.1.2 in Lemire et al.
22

) for the temperature dependence 

of A, where A = 0.509 kg
1/2

∙mol
–1/2

 at 25 °C. The constant Bai was chosen as 

1.5 kg
1/2

∙mol
–1/2

 for all temperatures up to 80 °C, as recommended by Lemire et al.
22

 

The equilibrium constants at zero ionic strength and the conditional stability constants 

are related as follows: 

 

log10𝛽 − ∆z2D = log10𝛽° − ∆εIm                                                                               (5) 

 

The equilibrium Me
3+

 + H3PO4 ⇌ MeH2PO4
2+

 + H
+ 

 gives: 

 

Δε = ε(MeH2PO4
2+

;ClO4
−
) + ε(H

+
;ClO4

−
) − ε(Me

3+
;ClO4

−
)                                           (6)  

 

The interaction coefficient ε(H
+
;ClO4

−
) was taken from Lemire et al.,

22
 while 

ε(Me
3+

;ClO4
−
) was estimated to be equal to ε(Am

3+
;ClO4

−
) = 0.49±0.03 kg∙mol

−1
.
22

 

Following the SIT formalism, the ion interaction coefficient of the uncharged species 

H3PO4 was set to zero
22

. Δz
2 

=  z
2 

(products) −  z
2 

(reactants) was equal to −4.  

By plotting log10𝛽 − ∆z2D as a function of the ionic strength, a weighted linear 

regression provided logβ° (intercept with the y-axis) and −Δε (slope) (Figure 3). Detailed 

explanations on the performance of the weighted linear regression are provided in the SI. 
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Figure 3. Linear SIT regression plot for the MeH2PO4
2+

 complexes at 25 °C. 

 

From the slope found to be 0.15 for Eu(III) and 0.19 for Cm(III), the 

ε(MeH2PO4
2+

;ClO4
−
) were derived according to equation (6). The obtained logβ° and 

ε(MeH2PO4
2+

;ClO4
−
) values are summarized in Table 3.  

The uncertainties on the ε(MeH2PO4
2+

;ClO4
−
) were calculated based on the 

recommendations in Appendix C in the most recent NEA volume.
22

 

 

𝜎𝜀(𝑀𝑒𝐻2𝑃𝑂4
2+;𝐶𝑙𝑂4

−) = √(𝜎∆𝜀)2 + 𝜎(𝜀(𝐻+; 𝐶𝑙𝑂4
−))2 + 𝜎(𝜀(𝑀𝑒3+; 𝐶𝑙𝑂4

−))2               (7) 
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Table 3. Complex formation constants at infinite dilution for MeH2PO4
2+

 and ion 

interaction coefficients ε(MeH2PO4
2+

;ClO4
−
) (Me = Eu or Cm) at 25 °C 

Reaction log10𝛽° 
ε(MeH2PO4

2+
;ClO4

−
)  

(kg∙mol
−1

) 

Eu
3+

 + H3PO4 ⇌ EuH2PO4
2+

 + H
+
 0.89±0.13 0.20±0.08 

Cm
3+

 + H3PO4 ⇌ CmH2PO4
2+

 + H
+
 0.45±0.19 0.16±0.12 

 

Influence of temperature on the complexation of Eu
3+

/Cm
3+

 by phosphate 

Laser-induced luminescence spectroscopy 

Luminescence data were collected for Eu(III) and Cm(III) at 25, 40, 50, 60, and 80 °C. 

The evolution of the emission spectra in the presence of [Σ(PO4)] = 0.02 mol∙L
−1

 as a 

function of temperature is shown in Error! Reference source not found. (left) for 

Eu(III) (top) and Cm(III) (bottom) (a larger selection of emission spectra at 40 °C and 

60 °C is presented in the SI, Figure S6).  

 

Figure 4. Left: measured Eu(III) (top) and Cm(III) (bottom) emission spectra in the 

presence of 0.02 mol∙L
−1

 phosphate ([Σ(PO4)]) at varying temperatures. Right: derived 

species distributions at 25 °C (gray symbols) and 80 °C (black and green symbols) for 

Eu(III) (top) and Cm(III) (bottom). 



Manuscript submitted to Inorganic Chemistry 

18 

The temperature-induced differences in the emission spectra are small. For Eu(III), the 

intensity of the 
7
F1-band slightly decreases, while the opposite is true for the 

hypersensitive 
7
F2-band (denoted in Figure 4 (top, left) with an arrow). In case of 

Cm(III), the intensity of the peak corresponding to the aquo ion decreases, while a slight 

shoulder on the right side appears (indicated with an arrow in Error! Reference source 

not found., bottom, left). These changes can be attributed to a subtle increase of the 

Eu(III)/Cm(III)-phosphate complexation with increasing temperature. This increase is 

further confirmed when comparing the derived species distribution at 80 °C (black and 

green symbols) with the distribution obtained at 25 °C (gray symbols) (Figure 4, right). 

Here, it is clearly visible that the amount of Me(H2PO4)
2+

 for a given phosphate 

concentration is larger at 80 °C than at 25 °C. Similar species distributions were derived 

for all investigated temperatures using the FI factors obtained at 25 °C, allowing for the 

determination of conditional complexation constants as described below. 

Determination of the conditional constants at elevated temperature 

According to the pHexp measurements at elevated temperatures and at an ionic strength 

of 1.1 mol∙L
−1

, the difference compared to the pHexp of samples at 25 °C was not 

exceeding 0.05, which is within the uncertainty range of the pH measurement. 

Consequently, the molality of H
+
 was assumed to be identical to the one at 25 °C during 

all speciation calculations.  

Following the same methodology described above, the term log 
𝑚

𝑀𝑒𝐻2𝑃𝑂4
2+

𝑚𝑀𝑒3+
 + log 𝑚𝐻+ 

was plotted as a function of log 𝑚𝐻3𝑃𝑂4
 at an ionic strength of 1.1 mol∙L

−1
 and at 40, 50, 

60 and 80 °C (see Figure S7 for Eu(III) and Figure S8 for Cm(III) in SI). All slopes were 

close to one, indicating no change in the stoichiometry of the formed complexes, i.e. 

EuH2PO4
2+

 and CmH2PO4
2+

, upon increasing temperature. All resulting conditional log β 

values for EuH2PO4
2+

 and CmH2PO4
2+

 are summarized in Table 4, together with their 

uncertainties. The uncertainties on log β°(T) were obtained from the uncertainties on log 

β(T) and Δε as follows: 

𝜎𝑙𝑜𝑔𝛽0 = √𝜎log 𝛽
2 + (𝑚𝐶𝑙𝑂4

−𝜎∆𝜀)2                                                                                      (8) 
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Table 4. Thermodynamic conditional (I = 1.1 mol∙L
−1

) and extrapolated to infinite 

dilution stability constants for the formation of EuH2PO4
2+

 and CmH2PO4
2+

 at 25, 

40, 50, 60 and 80 °C 

 

 Eu
3+

 + H3PO4 ⇌ EuH2PO4
2+

 + H
+
 Cm

3+
 + H3PO4 ⇌ CmH2PO4

2+
 + H

+
 

Temperature (°C) log β log β° log β log β° 

25 0.29±0.11 0.89±0.13 −0.14±0.10 0.45±0.19 

40 0.35±0.15 1.04±0.17 −0.12±0.10 0.52±0.16 

50 0.39±0.15 1.10±0.17 −0.08±0.20 0.58±0.24 

60 0.45±0.18 1.18±0.20 −0.02±0.10 0.66±0.16 

80 0.52±0.13 1.29±0.15 0.02±0.10 0.74±0.16 

 

Upon increasing the temperature, the equilibrium Me
3+

 + H3PO4 ⇌ MeH2PO4
2+

 + H
+
 

was shifted towards the product side, indicating a favored complexation reaction. 

Extrapolation to zero ionic strength 

The SIT approach
22

 was used for the extrapolation to zero ionic strength, according to 

equation 5. The Debye-Hückel constant A in the Debye-Hückel term was taken from the 

tabulated values by Lemire et al.
22

 at 40 °C (0.523 kg
1/2

∙mol
–1/2

) and 50 °C 

(0.534 kg
1/2

∙mol
–1/2

). Respective values at 60 °C (0.546 kg
1/2

∙mol
–1/2

) and 80 °C 

(0.571 kg
1/2

∙mol
–1/2

) were calculated according to the methodology described by Moog 

and Voigt.
25

 

According to Lemire et al.
22

, the temperature dependency of the interaction coefficients 

ε can be neglected in the temperature range from 25 to 200 °C (with 

(𝜕ε/𝜕T)p < 0.005 kg∙mol
−1

∙K
−1 

at T <  200 °C). Thus, they were assumed constant in this 

work. Since the same equilibrium was considered, i.e. Me
3+

 + H3PO4 ⇌ MeH2PO4
2+

 + 

H
+
, Δz

2 
remains constant at −4. The obtained log β° values at 40, 50, 60 and 80 °C for 

EuH2PO4
2+

 and CmH2PO4
2+

 are summarized in Table 4. 
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Derivation of thermodynamic parameters 

The molal standard enthalpy of reaction ∆𝑅𝐻𝑚
0  as well as the molal standard entropy of 

reaction ∆𝑅𝑆𝑚
0  were derived from an Arrhenius plot (𝑙𝑜𝑔𝐾0(𝑇) as a function of the 

reciprocal temperature) using the integrated van’t Hoff equation, cf. Figure 5: 

 

𝑙𝑜𝑔𝐾0(𝑇) = 𝑙𝑜𝑔𝐾0(𝑇0) +
∆𝑅𝐻𝑚

0 (𝑇0)

𝑅𝑙𝑛(10)
(

1

𝑇0
−

1

𝑇
)                                                                 (9) 

 

R being the universal molar gas constant (8.314 J∙K
−1

∙mol
−1

) and T the temperature in 

Kelvin (T0 = 298.15 K). 

In the temperature range from 25 to 80 °C, the molal heat capacity of reaction ∆𝑅𝐶𝑝,𝑚
0  

was assumed to be zero and the change in enthalpy ∆𝑅𝐻𝑚
0  constant. Such an 

approximation was already shown to be valid until 100 °C for complexation studies of 

actinides and lanthanides with organic and inorganic ligands.
26-28
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Figure 5. Arrhenius plots for Eu(III) and Cm(III) based on the data in Table 4. 

 

The derived ∆𝑅𝐻𝑚
0  were 14.7 and 11.1 kJ∙mol

−1 
for Eu(III) and Cm(III), respectively, 

whereas ∆𝑅𝑆𝑚
0  were 66.4 and 45.8 J∙mol

−1 
for Eu(III) and Cm(III), respectively. In other 

words, positive enthalpies and entropies of reaction were obtained for both Eu(III) and 

Cm(III) complexation reactions.  
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DISCUSSION 

The complexation of Eu(III) and Cm(III) with phosphate ions was, as a first step, 

investigated at 25 °C, at four ionic strengths (0.6 to 3.1 mol∙L
−1

). The complexation 

constants for both Eu(III) and Cm(III) were observed to increase with increasing ionic 

strength, see Table 2. This can be understood when examining the impact of perchlorate 

anions on the first and second hydration shells of the Eu
3+

 and Cm
3+

 aquo ions. H2O 

molecules in the second hydration shell are associated to the 1
st
 hydration shell via H-

bonding. There is a constant exchange of the H2O molecules between the 1
st
 and the 2

nd
 

hydration shell as well as with the bulk water. In combined laser-induced luminescence 

spectroscopic and computational (density functional theory and molecular dynamics 

simulations) investigations of the Cm(III)-HClO4 system in concentrated perchlorate (0.3 

to 9 mol∙L
−1

) solutions, the penetration of perchlorate ions into the second hydration shell 

of Cm(III) was suggested, as well as the ability of ClO4
−
 ions to form weak H-bonds with 

the H2O molecules in the 1
st
 hydration shell (Trumm and Lindqvist-Reis

29
). Formation of 

solvent-shared ion pairs was also evidenced, leading to a weakening of the binding of 

H2O molecules in the first hydration shell of the Cm
3+

 aquo ion. This weakening can be 

expected to increase upon raising the concentration of perchlorate ions, enabling the 

H2PO4
−
 ion to exchange one water molecule from the 1

st
 hydration shell more easily. In 

addition, increasing the ionic strength leading to a decreasing water activity leads to a 

reduced number of water molecules available for the 2
nd

 hydration shell, due to the 

hydration of the ions of the background electrolyte. The above mentioned phenomena 

together with the increase of the short range interactions of the formed MeH2PO4
2+

 

complex with the perchlorate ions are part of the mechanisms governing the increasing 

log β upon increasing ionic strength.  

Based on the complexation experiments at elevated temperatures, both positive 

enthalpies and entropies of reaction were assessed. The observed positive enthalpic term 

(endothermic reaction) implies that the heat required to disrupt the first hydration shell 

and break the Eu/Cm-H2O bonds (endothermic) is higher than the heat released when 

forming bonds between Eu
3+

/Cm
3+

 and the H2PO4
−
 molecules (exothermic). This 

unfavorable enthalpy of reaction indicates that the heat spent in the dehydration step is 

not regained during the formation of the complex. 
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The entropic term ΔS, is a measure of the overall change in the order of the system 

during the complexation reaction. The reaction between the Eu
3+

/Cm
3+

 and H2PO4
−
 ions 

disrupt the water network around the metal ions, and leads to a release of water molecules 

into the network of the bulk solvent. Since there is a release of constrained water 

molecules from the 1
st 

hydration shell, the disorder of the system increases and 

consequently the entropy increases. In addition, the entropy contribution from 

dehydration of the aquo ions and liberation of water molecules is more significant than 

the loss of entropy coming from the association of the Eu
3+

/Cm
3+

 ions with the H2PO4
−
 

ligand and the new structure of the water molecules around the formed MeH2PO4
2+ 

complex. The positive reaction entropy overcomes the unfavorable enthalpic component 

to promote the complex formation, referred to as the so called compensation effect.
30

 To 

summarize, the energy required for the dehydration of the Me
3+

 ions contributes to the 

positive enthalpy change, whereas the release of water molecules from the hydration shell 

is responsible for the positive entropy of reaction.  

The complexation was enhanced at higher temperature (see Figure 4 and Table 4), due 

to the increase of the entropic term. Indeed, at elevated temperature, the structure of the 

bulk water gets more disordered due to the higher thermal motion. The release of water 

molecules into a more disordered bulk water leads to a larger gain in the entropy of 

reaction at higher temperatures. 

The complexation constant at the different ionic strengths and temperatures were found 

to be higher for EuH2PO4
2+

 than for CmH2PO4
2+

 (Table 2 and Table 4). The difference is 

rather remarkable, i.e. 0.44 log units at infinite dilution and T = 25 °C. Within the 

primary solvation shell, the bond strength between the metal ion and the water molecules 

increases with the electrical charge of the metal ion and decreases with its radius. Since 

the size of the Eu
3+

 aquo ion is slightly smaller than that of Cm
3+

, as can be deduced from 

the average reported Me-O distances of the tricapped-trigonal-prismatic aquo ions 

(2.470 Å
31

 for Eu
3+

 vs. 2.484 Å
32

 for Cm
3+

 ), the charge density z/r
2
 is higher for the 

former one. This would imply that the strength of the bond between Eu
3+

 and H2O 

molecules is slightly stronger than between Cm
3+

 and H2O molecules. Since the water 

molecules are more constrained around Eu
3+

 than Cm
3+

, the increase of entropy due to the 

release of water molecules during the complexation with H2PO4
−
 is higher for Eu(III) 
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than for Cm(III), which could partly explain the higher complexation constant for Eu(III) 

in comparison to Cm(III). Based on our spectroscopic data, further insight into possible 

underlying reasons for the different complexation constants obtained for the Eu(III) and 

Cm(III) phosphate species are difficult to give, and is beyond the scope of the present 

study.  

The interaction coefficient ε(Me(H2PO4)
2+ 

;ClO4
−
) was found to be larger for Eu 

(0.20±0.08 kg∙mol
−1

) than for Cm (0.16±0.12 kg∙mol
−1

). This is attributed to the higher 

charge density of the smaller Eu(H2PO4)
2+ 

complex as discussed above in connection to 

the relative Eu-H2O vs. Cm-H2O bond strengths of the metal aquo ions. Note that Lemire 

et al.
22

 recommended an even larger value of 0.39±0.04 kg∙mol
−1

 for 

ε(AmH2PO4
2+

;ClO4
−
), estimated by Silva et al.

7
 from the ε(YHCO3

2+ 
;ClO4

−
) ion 

interaction coefficient. That estimation was purely based on charge consideration, 

ignoring the vast differences in the complex structure of AmH2PO4
2+

 and YHCO3
2+

.
 
In 

order to provide reasonable "default values" when data were lacking, Thoenen et al.
33

 

performed a thorough statistical analysis of all published SIT interaction coefficients in 

NaClO4 media, based on charge considerations only. The following relation was found: 

ε(M
n+

;ClO4
−
) = charge × 0.2, meaning that ε(Eu(H2PO4)

2+ 
;ClO4

−
) and ε(Cm(H2PO4)

2+ 

;ClO4
−
) should have been 0.40 kg∙mol

−1
. Our values differ significantly from those 

recommended by Lemire et al.
22

 and Thoenen et al.
33

, probably because they simply 

neglect the size and structure of the resulting complex (e.g. its electron density 

distribution). Thus, such estimations should be used extremely carefully. 

The parameters derived in this work were compared with those in the literature, for the 

equilibrium Me
3+

 + H3PO4 ⇌ MeH2PO4
2+

 + H
+
. This data was recalculated using the 

reaction H
+
 + H2PO4

−
 ⇌ H3PO4 (log10𝛽°= 2.14) from Lemire et al

22
. The log10𝛽°for 

Cm at 25 °C was found to be in good agreement with the one reported by Moll et al.
10

 

(Figure 6).  
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Figure 6. Comparison of log β° for MeH2PO4
2+

 (Me = Ln, An) at 25 °C for the Me
3+

 + 

H3PO4 ⇌ MeH2PO4
2+

 + H
+
 equilibrium between this study and the literature. The 

effective ionic radii for the lanthanides and actinides are taken from Shannon (1976)
34

 

and David and Vokhmin (2003)
35

 and refer to a coordination number of 8 (Lu-Tb) and 9 

(Gd-Ce + Cm). 

 

Figure 6 also shows former reported values for actinides (Cm) and lanthanides at 25 °C. 

It can be clearly seen that our log10𝛽°for Eu is significantly higher than those reported 

before, which are based on linear free energy relationships from Ce and Gd data.
5
 It now 

becomes clear that it would be worth to experimentally determine respective data for 

several other lanthanides, similarly to what was done for Eu in this work. This would 

allow for a more trustworthy application of LFER to close the remaining gaps. 

The prediction of the aqueous behavior of REE under hydrometallurgical relevant 

chemo-technical conditions (high temperatures and high ionic strengths arising from the 

use of highly concentrated strong acids) has to rely on accurate thermodynamic data such 

as REE complexation constants towards inorganic ligands. The same applies for actinides 

in the context of nuclear waste disposal, where the mobility of these radioactive 

contaminants has to be accounted for in a variety of environmental conditions.  
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The new thermodynamic data derived in this fundamental study will support the 

optimization of technological strategies applied to access raw materials and contribute to 

a fundamental process understanding necessary to critically assess the environmental fate 

of REE and actinides. 
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pH measurements to obtain the correction factor in high ionic strength (NaClO4). Laser-
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analysis. 
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TOC Synopsis 

This study investigates the complexation of Eu(III) and Cm(III) with aqueous phosphates 

at elevated temperature. Laser luminescence spectroscopy is used to identify the numbers 

of species in solution and their stoichiometry. The formation of Eu(H2PO4)
2+

 and 

Cm(H2PO4)
2+

 were identified. Their respective complexation constants increased with 

increasing ionic strength and temperature. The extrapolation to infinite dilution 

(log10𝛽°) was done using the specific ion interaction theory.  
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pH measurements 
 

To determine the correction factor, solutions at known H
+
 concentrations at different 

ionic strength (0.5 to 4 mol∙L
−1

) were prepared at 22 °C using HClO4 and NaClO4. 

The pHexp values given in Table S1 are based on at least 3 measurements. 
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Table S1. H
+
 concentration, ionic strength, pHexp of the HClO4/NaClO4 solutions 

used to determine the correction factor for pH measurement at high ionic 

strength 

−log [H
+
] [H

+
] (mol∙L−1

) 
I 

(mol∙L−1
) 

pHexp Ac 
Ac 

(mean) 

1.700 0.0200 0.50 1.59 0.11 

0.12 

2.000 0.0100 0.50 1.87 0.13 

2.125 0.0075 0.50 2.00 0.13 

2.300 0.0050 0.50 2.19 0.11 

2.600 0.0025 0.50 2.47 0.13 

1.700 0.0200 0.75 1.48 0.23 

0.22 

2.000 0.0100 0.75 1.78 0.22 

2.125 0.0075 0.75 1.95 0.18 

2.300 0.0050 0.75 2.09 0.22 

2.600 0.0025 0.75 2.36 0.25 

1.700 0.0200 1.5 1.39 0.31 

0.31 

2.000 0.0100 1.5 1.69 0.31 

2.125 0.0075 1.5 1.86 0.27 

2.300 0.0050 1.5 2.01 0.29 

2.600 0.0025 1.5 2.23 0.38 

1.700 0.0200 2.0 1.28 0.42 

0.42 

2.000 0.0100 2.0 1.58 0.42 

2.125 0.0075 2.0 1.72 0.40 

2.300 0.0050 2.0 1.88 0.42 

2.600 0.0025 2.0 2.15 0.45 

1.700 0.0200 3.0 1.00 0.70 

0.65 

2.000 0.0100 3.0 1.38 0.62 

2.125 0.0075 3.0 1.53 0.60 

2.300 0.0050 3.0 1.67 0.63 

2.600 0.0025 3.0 1.92 0.68 

1.700 0.0200 4.0 0.81 0.89 

0.88 

2.000 0.0100 4.0 1.15 0.85 

2.125 0.0075 4.0 1.30 0.83 

2.300 0.0050 4.0 1.35 0.95 

2.600 0.0025 4.0 1.70 0.90 
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For each ionic strength and for the different proton concentrations used, an average Ac 

factor was calculated. A polynomial fit was applied to correlate the Ac factor with the 

ionic strength (Figure S1).  

 

 

Figure S1. Correction factor Ac as a function of the ionic strength.  

 

The following formula was derived:  

 

Ac = 0.0118 × I
2
 + 0.1593 × I + 0.0584 

(I being the ionic strength in mol∙L
−1

) 

 

Consequently, since we worked at constant H
+
 concentration (0.1 mol∙L

−1
) and at I = 

0.6, 1.1, 2.1 and 3.1 mol∙L
−1

, the following pHexp were used (Table S2). 

 

Table S2. Correction factor and pH values for the samples prepare at high 

NaClO4 ionic strength and constant [H
+
]  

I (mol∙L
−1

) −log [H
+
] Ac pHexp 

0.6 1.00 0.16 0.84 

1.1 1.00 0.25 0.75 

2.1 1.00 0.44 0.56 

3.1 1.00 0.67 0.33 

y = 0.0118x2 + 0.1593x + 0.0584 
R² = 0.9957 
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Laser spectroscopic investigations at T = 25 °C, I = 0.6 mol∙L
−1

, 2.1 

mol∙L
−1

, and 3.1 mol∙L
−1

 
 

The emission spectra collected at ionic strengths other than I = 1.1 mol∙L
−1

 at varying 

total phosphate concentrations are presented in Figure S2 below. 

 

Figure S2. Recorded emission spectra at various ionic strengths and total phosphate 

concentrations for Eu(III) (left) and Cm(III) (right) at 25 °C. 

 

Deconvolution of the collected sum spectra yielded the same two pure components 

for all investigated ionic strengths as described for I = 1.1 mol∙L
−1

 in the main text, 

i.e. the free non-complexed metal aquo ion, and the Eu/Cm-phosphate complex 

Eu/Cm(H2PO4)
2+

. From these pure component spectra, ionic strength-dependent 

species distributions could be derived, Figure S3. 
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Figure S3. Derived species distributions for the different ionic strengths (excluding I 

= 1.1 mol∙L
−1

 which is presented in the main text) for Eu(III) (left) and Cm(III) 

(right).  

 

From these species distributions, slope analysis in the molal scale could be performed, 

Figure S4 and S5. 
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Figure S4. Slope analysis performed for the equilibrium Eu
3+

 + H3PO4 ⇌ EuH2PO4
2+

 

+ H
+ 

at 25 °C and for the different ionic strengths.  
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Figure S5. Slope analysis performed for the equilibrium Cm
3+

 + H3PO4 ⇌ 

CmH2PO4
2+

 + H
+ 

at 25 °C and for the different ionic strengths.  
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Laser spectroscopic investigations at I = 1.1 mol∙L
−1

, T = 40 °C and 

60 °C  
 

Selected emission spectra collected at 40 °C and 60 °C for Eu(III) and Cm(III) are 

presented in Figure S6.  

 

Figure S6. Selected emission spectra collected at 40 °C and 60 °C for Eu(III) (left) 

and Cm(III) (right). The spectra are normalized to the same 
7
F1-band intensity in case 

of Eu(III) and the same total surface area in case of Cm(III).  
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Figure S7. Slope analysis performed for the equilibrium Eu
3+

 + H3PO4 ⇌ EuH2PO4
2+

 

+ H
+ 

at elevated temperature and at I = 1.1 mol∙L
−1

.  
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Figure S8. Slope analysis performed for the equilibrium Cm
3+

 + H3PO4 ⇌ 

CmH2PO4
2+

 + H
+ 

at elevated temperature and at I = 1.1 mol∙L
−1

. 
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Statistics for weighted linear regression 
 

Statistical modelling in this paper follows a linear regression approach. The response 

variable is assumed to be a linear function of the input with added normal noise, i.e. 

𝑦𝑖 = 𝑎 + 𝑏𝑥𝑖 + 𝜀𝑖, 𝑖 = 1, … , 𝑛 (1) 

 

Each error term is assumed to be uncorrelated with the other errors and normally 

distributed with mean 0 and an individual but known variance term: 𝜀𝑖 ∼ 𝑁(0, 𝜎𝑖
2). 

 

Parameter estimates for the regression line are obtained as the minimizers to the 

weighted least squares objective function  

∑ 𝑤𝑖(𝑦𝑖 − 𝑎 − 𝑏𝑥𝑖)
2

𝑛

𝑖=1
 (2) 

where weights are set to the reciprocal individual error variances 𝑤𝑖 = 1 𝜎𝑖
2⁄ . This 

setting yields the best linear unbiased estimator for the regression parameters.
1
 

 

Derivations of the results are best carried out using a linear algebra point of view to 

these equations and reformulating the model in matrix-vector notation as  

𝑦 = 𝐹𝛽 + 𝜀, 𝐶𝑜𝑣(𝜀) = 𝑑𝑖𝑎𝑔(𝜎1
2, … , 𝜎𝑛

2) =: 𝑊−1 

 
(3) 

with model matrix 𝐹 consisting of two columns, the first containing only entries of 1, 

the second containing the values 𝑥𝑖 and the parameter vector 𝛽 = (𝑎, 𝑏)𝑇 . 

Parameter estimates
1
 are then given by  �̂� = (𝐹𝑇𝑊𝐹)−1𝐹𝑇𝑊𝑦 and predictions are 

obtained by �̂� = 𝐹�̂�.  

 

From the assumption of normality of the errors it follows that the parameter estimates 

and therefore the predicted responses �̂� are normally distributed as well with �̂�𝑖 ∼

𝑁(𝐸𝑦𝑖,   𝑠𝑖
2) and 𝑠𝑖

2 = (𝐹(𝐹𝑇𝑊𝐹)−1𝐹𝑇  )𝑖,𝑖 . 

 

For the specific case of simple linear regression, the formulas turn out to be
2
:  

�̂� =  

(∑
𝑥𝑖

2

𝜎𝑖
2

𝑛
𝑖=1 ) (∑

𝑦𝑖

𝜎𝑖
2

𝑛
𝑖=1 ) − (∑

𝑥𝑖

𝜎𝑖
2

𝑛
𝑖=1 ) (∑

𝑥𝑖𝑦𝑖

𝜎𝑖
2

𝑛
𝑖=1 )

∆
, 
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�̂� =  
(∑

1

𝜎𝑖
2

𝑛
𝑖=1 )(∑

𝑥𝑖𝑦𝑖

𝜎𝑖
2

𝑛
𝑖=1 )−(∑

𝑥𝑖

𝜎𝑖
2

𝑛
𝑖=1 )(∑

𝑦𝑖

𝜎𝑖
2

𝑛
𝑖=1 )

∆
 , 

 

�̂�𝑖 =  �̂� +  �̂�𝑥𝑖 . 

with Δ being defined as: 

 

∆= (∑
1

𝜎𝑖
2

𝑛

𝑖=1

) (∑
𝑥𝑖

2 

𝜎𝑖
2

𝑛

𝑖=1

) − (∑
𝑥𝑖

𝜎𝑖
2

𝑛

𝑖=1

)

2

 

 

The standard deviations on �̂� and �̂� are then calculated based on
2
: 

𝜎�̂�
2 =  

1

∆
(∑

𝑥𝑖
2

𝜎𝑖
2

𝑛

𝑖=1

) 

and  

𝜎�̂�
2 =  

1

∆
(∑

1

𝜎𝑖
2

𝑛

𝑖=1

) 

 

All computations were carried out with a script written in the R programming 

language. 
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