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1)Physikalisches Institut, Goethe-Universität Frankfurt, 60438 Frankfurt am Main, Germany
2)Institute of Ion Beam Physics and Materials Research, Helmholtz-Zentrum Dresden-Rossendorf, 01328 Dresden,
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(Dated: 17 June 2020)

We observe third-harmonic generation (THG) in boron-doped silicon (Si:B) upon pumping with picosecond 1.56-THz
pulses from a free-electon laser with a peak electric field strength of up to 12 kV/cm. The measurements are performed
at cryogenic temperatures where the majority of holes are bound to the acceptor dopants. The dependence of the THG
on the pump intensity exhibits a threshold-free power-law behavior with an exponent close to 4. The observations can
be explained by THz emission by free holes accelerated in the non-parabolic valence band, under the assumption that
the density of free holes increases with the pump intensity. A quantitative treatment supports that these carriers are
generated by impact ionization, initiated by the population of thermally ionized carriers , as opposed to direct tunneling
ionization. In addition, we also observe intracavity THG by embedding the Si:B in a one-dimensional photonic crystal
cavity. The THG efficiency is increased by a factor of eight due to the field enhancement in the cavity, with the potential
to reach a factor of more than 100 for pump pulses with a spectrum narrower than the linewidth of the cavity resonance.

I. INTRODUCTION

While dopants in semiconductors are well-known for their
role of providing charge carriers in room-temperature semi-
conductor devices, many ongoing studies are devoted to
dopant physics at low temperature, where the charges remain
bound to their parent ions such that the dopants represent
energy-scaled hydrogen-like atomic entities within a solid-
state host1,2. Topics of such investigations include the nonlin-
ear optical properties of the dopants3,4, the possibility to real-
ize THz gain media with them5, as well as the coherent control
of the dopant states for quantum information processing6,7.

This contribution is devoted to the nonlinear dynamics of
holes following ionization of dopants and subsequent acceler-
ation of the freed holes in the strong radiation field of intense
electromagnetic pulses. The work has been motivated by stud-
ies of strong electromagnetic-field phenomena of dilute gas
atoms, which led to the observation of frequency multiplica-
tion upon recollision of the photo-ionized electrons with the
parent ions8–12. We extend such studies to atoms dilutely dis-
tributed in the crystalline matrix of a solid semiconductor.

We study Si:B at low temperature with high-field excitation
by terahertz (THz) pulses from a free-electron laser (FEL). Al-
though the photon energy of 6.45 meV is much lower than the
1Γ

+
8 → 1Γ

−
8 (1S3/2 → 2P3/2) transition energy at 30.6 meV,

dopant atoms are ionized in the strong radiation field of up
to 12 kV/cm. We observe THG exclusively in the doped
material, where the pump intensity dependence indicates a
third-order nonlinearity with an intensity-dependent χ(3) co-
efficient. This suggests that the THG is mediated by carriers
released from dopants in the valence band, whereby the carrier
density increases as a function of the field strength. While in
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principle several physical mechanisms can contribute, a com-
parison of their respective field dependences suggests that the
additional carriers are generated by impact ionization (as op-
posed to tunnel ionization), a process initiated by the carriers
which are initially present due to thermal activation. No ev-
idence for high-harmonic generation (HHG) by recollision is
identified.

Moreover, we exploit the field enhancement in a one-
dimensional photonic crystal (1D-PC) cavity to enhance the
THG conversion efficiency with cavity-resonant pumping.
Such 1D PC cavities have been introduced in the THz range
for a range of applications, e.g., as switches and modulators13,
and for the study of strong light-matter interaction14,15. Here,
we achieve an increase in the THG efficiency by a factor of
up to eight relative to the free-standing Si:B sample, and pre-
dict that an enhancement of over one hundred is possible if the
spectral width of the pump pulse were to be reduced to better
match the cavity resonance.

II. EXPERIMENTAL

The experimental setup is depicted in Fig. 1a. The Si:B
sample was positioned in a liquid-helium cryostat at a tem-
perature of 10 K. Intense THz pulses from the FELBE fa-
cility of the Helmholtz-Zentrum Dresden-Rossendorf were
employed as pump radiation. The FELBE source deliv-
ers transform-limited multi-cycle terahertz pulses which are
tunable from 1.2 THz up to 75 THz at a pulse repetition
rate of 13 MHz. For our experiments, we chose a radia-
tion frequency of 1.56 THz; the spectral width of the pulses
was 22.4 GHz (full-width-at-half-maximum, FWHM). This
corresponds to a temporal intensity FWHM of 17 ps, as-
suming transform-limited pulses and using a numerical in-
verse Fourier transformation of the measured amplitude spec-
trum (rms time-bandwidth product 1.46 relative to Gaussian
pulse/spectrum). The incoming radiation was focused onto
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the sample with an off-axis paraboloidal mirror with a 50.8-
mm effective focal length, to obtain a focal beam diame-
ter of 2w∼ 400 µm (and a corresponding Rayleigh range
of z0 = nπw2/λ0∼ 2 mm in the Si sample, where n = 3.42
is the refractive index and λ0 is the vacuum wavelength of
the THz radiation). The generated higher-harmonic radiation
was collected and collimated with a second paraboloidal mir-
ror and guided to a Fourier Transform Infrared Spectroscopy
(FTIR) setup (employing a high-resisitivity (HR) polished Si
beamsplitter), where the field correlation signal was measured
with a liquid-helium-cooled bolometer (Infrared Laboratories
LN-6/C, NEP: 1.28×10−13 W Hz−1/2), with a frequency res-
olution of 20 GHz set by the scan range. In front of the sam-
ple, a low-pass filter consisting of a 2-mm-thick fused silica
plate was positioned in the FEL beam to absorb the intrin-
sic higher harmonics of the FEL. Following the sample, two
high-pass filters (multi-layer metal-mesh filters HP74cm−1

and HP100cm−1 from QMC Instruments Ltd.) were em-
ployed to strongly reduce the transmitted fundamental pump
intensity (with a residual transmittance of 1.1× 10−7) in or-
der to improve the dynamic range for the HHG signals. The
combined power transmittance of the filter pair is 0.7, 0.07
and 0.08 at the third, fifth and seventh harmonics, respectively.
The broadband FTIR setup supports a bandwidth of more than
10 THz, the dynamic range at different frequencies depending
on the transmission characteristics of the high-pass filters.

The specimen-under-test was a commercial Si:B sample
(purchased from MTI Corp.) with a dopant density of 5×
1016 cm−3 and a wafer thickness of 275 µm. The dopant
density was chosen to be as high as possible to obtain suf-
ficiently strong signals, but low enough to remain at the on-
set of inter-dopant interactions well below the Mott density
of impurity-band formation16,17. This is demonstrated by
the linear transmission spectra shown in Fig. 1b, which were
measured by FTIR spectroscopy at the indicated temperatures
from 5-150 K. The spectra exhibit the expected series of dis-
crete ground-state transition lines at 7.39, 8.41 and 9.67 THz
of ground-state B dopants in Si2,18. Compared with the line-
shapes observed in the case of samples with a dopant density
below 5× 1015 cm−3,2,16 the three lines are broadened, but
remain clearly separated from each other at 5 K. With ris-
ing temperature, they weaken due to thermal ionization and
broaden due to interaction with the free-hole plasma, while
the background transmission decreases due to both the Drude
absorption of the free carriers (from the low-frequency side)
and red-shifted continuum absorption by dopants in thermally
activated bound excited states.

III. RESULTS

A. THG from free-standing Si:B

Figure 2a presents transmission spectra of the Si:B sam-
ple recorded upon illumination with strong THz radiation.
The spectra consist of transmitted (leaking) FEL radiation
and HHG radiation emitted from the sample. In the curves
taken at three different pump pulse energies, one observes

FIG. 1. (a) Experimental setup for the HHG measurements. The
sample is positioned in a cryostat to enable temperature control.
(b) Linear power transmission spectra of Si:B at three temperatures
(150 K, 100 K and 5 K), measured by FTIR spectroscopy. The
ringing, most pronounced at low frequency, arises from multiple-
reflection interference in the Si:B sample.

line features, the most promiment ones being at 3.12, 4.68
and 6.24 THz in addition to the residual pump light at the fun-
damental frequency of 1.56 THz. The lines at 3.12 THz and
6.24 THz are the second and fourth harmonics of the pump
light, their intensities are found to be directly proportional to
the pump intensity.The origin of the additional weaker fea-
tures in the spectrum such as the broad structure between
2.0 and 4.0 THz and the line at 6.9 THz is unknown to us.
However, all features except for the line at 4.68 THz origi-
nate from the FEL itself. This was confirmed with measure-
ments taken with a nominally undoped HR Si specimen in
the beam path (sample with a room-temperature specific re-
sistance >12 kΩcm purchased from University Wafer Inc.), as
also included in Fig. 2a (vertically shifted green curve), which
exhibits all of the above-mentioned features except for the line
at 4.68 THz. This signal, at the third harmonic of the pump
frequency, can hence be attributed to the boron dopants of the
Si:B sample. Its intensity exhibits a superlinear pump-power
dependence, investigated in detail in the following. Note that
the absence of a third-harmonic signal in the reference mea-
surement with the undoped sample proves that this signal can-
not originate from the bound electrons of the Si atoms19. We
also note that no spectral features were observed here at the
5th and the 7th harmonic frequencies (7.80 and 10.92 THz).
The implications will be discussed in Sec. IV.

Figure 2b displays the measured pulse intensity I3ω of the
third-harmonic line for seven values of the pulse energy of the
pump pulses, from 5.5 to 31.2 nJ (corresponding to a peak
pump intensity Iω ranging from 0.17 to 0.95 MW/cm2, all
measured in front of the sample). The error bars indicate the
FEL power fluctuations. The dependence can be fitted with a
power law I3ω ∝ Iη

ω with η = 3.9, as shown by the black dash-
dotted line in Fig. 2b. The exponent η is clearly larger than
the value η = 3 expected for a third-order nonlinearity with a
constant χ(3) susceptibility, as was previously reported for far-
infrared THG experiments on doped Si at room temperature20,
where all dopants (concentration nd) were thermally ionized
and one observes χ(3) ∝ nd . The susceptibility evidently must
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be taken as pump-power-dependent, which we write as:

I3ω = β

(
χ
(3)
e f f (Iω)

)2
· I3

ω , (1)

where β is a constant proportionality factor. With the data of
Fig. 2b, and the relationship Iω = (n+ 1)2ε0c0E2

ω/8, which
connects Iω (measured in front of the sample) with the peak
electric field Eω within the sample (ε0: vacuum permittivity,
c0: vacuum speed of light), we can derive the dependence of
χ
(3)
e f f (Iω) on Eω , shown by the blue triangles in Fig. 2c.
The rise of the susceptibility with the pump field strength

suggests that the entities, responsible for the nonlinearity, in-
crease in number with rising field strength. This strongly sug-
gests free holes to be the origin of the nonlinearity, such that

χ
(3)
e f f (Iω) = χ

(3) ·nh(Iω), (2)

with nh(Iω) being the pump-dependent density of free holes.
In the following, we discuss three mechanisms which could

be considered to explain the field-dependent susceptibility in
Fig. 2c: (i) ionization of the dopants by multiphoton absorp-
tion, (ii) radiation-field-induced tunneling processes, and (iii)
impact ionization initiated by a residual population of ther-
mally ionized free holes which are accelerated in the pump
field.

With regard to multiphoton ionization, we can refer to
Ref. 3, where two- and three-photon THz absorption was stud-
ied experimentally and theoretically for the case of phospho-
rus dopants in Si:P – a system which has quite similar dopant-
related optical properties as Si:B. It was found that the ob-
servation of three-photon transitions from the 1s ground state
requires a pulse intensity of at least 17 MW/cm2 (for a two-
photon process, it is ten times less). This is much more than
was available in our experiments (see Fig. 2b, upper scale).
In addition, one would need at least a five-photon absorption
process for such an excitation in Si:B with 1.56-THz photons,
which would require a much higher intensity. Based on these
numbers, we can rule out multiphoton absorption as relevant
for the increase of the hole density in our measurements.

Considering now direct tunnel ionization, it is useful to
follow the procedures applied in the studies of ionization
of atomic gasses, and to compare the expected significance
of tunneling relative to multiphoton ionization with the help
of the Keldysh parameter21 γ (see Appendix, Section VI A).
Here we estimate γ = 2.8 for light holes (and γ = 4.85 for
heavy holes) for a radiation field strength of 10 kV/cm, typ-
ical for our experiments. As γ > 1, this implies that multi-
photon ionization is expected to dominate over tunneling ion-
ization. As the former has already been found to be insignifi-
cant, so apparently is also the latter. Another argument against
tunneling ionization is the electric-field dependence to be ex-
pected for the hole density nh. The magenta-colored curve in
Fig. 2c displays the field trend of ∆n, the hole density created
by tunnel ionization as calculated with the expressions given
in Sec. VI B. As can be seen, the electric field dependence is
far more nonlinear than that of the experimentally determined
χ
(3)
e f f , even when one attempts to match the offset and scale

FIG. 2. (a) Transmittance/emittance spectra of the Si:B sample ex-
posed to 1.56-THz radiation at the three pump pulse energies of 5.5,
12.5 and 31.2 nJ (power measured directly in front of the sample).
Also included is the transmittance spectrum of the undoped HR Si
sample for a pump pulse energy of 21.7 nJ (green curve, scaled down
by a factor of 100 for better visibility in the logarithmic plot). (b)
Black open diamonds: Measured THG intensity as a function of the
pulse energy of the FEL beam, the error bars represent the power
fluctuation of the FEL. Black dash-dotted line: Power-law depen-
dence with an exponent of 3.9. The inset shows the results of a
THG measurement using the TELBE facility where the pulse rep-
etition rate is only 50 kHz (leading to reduced sample heating). The
blue pentagons represent the measured THG intensity and the blue
dashed line a power law with an exponent of 3.6. (c) Blue triangles:
Normalized effective nonlinear susceptibility χ

(3)
e f f as a function of

the electric radiation field Eω of the pump pulse in the sample. Red
curve: Simulated χ

(3)
e f f = χ(3) ·nh due to impact ionization. Both are

normalized to the respective values obtained at 12 kV/cm. Magenta-
colored curve: Estimated density of light holes created by tunneling
ionization.

to the data, which supports the conclusion that direct tunnel-
ing cannot be the main contribution to the ionization in our
experiments.

This leaves the third mechanism, impact ionization, initi-
ated by thermally ionized free holes. That this is an effective
ionization mechanism of shallow dopants at low temperature
in moderately strong applied DC fields (before tunneling ion-
ization sets in) has been known for a long time22–24. Impact
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ionization of shallow dopants by THz radiation pulses has ap-
parently not been studied yet25, in contrast to the case of in-
terband impact ionization in narrow-bandgap semiconductors
exposed to intense THz and infrared radiation26–29. The theo-
retical treatment of this interband excitation involves account-
ing for the high-energy tail of the energy distribution of exist-
ing free carriers accelerated by the radiation field. This leads
to a simple expression for the density of impact-generated
charge carriers, which turns out to be applicable for the anal-
ysis of our data26,29:

∆n
n0

= Aexp
(
−

E2
0

E2
ω

)
, (3)

where A is a factor that weakly depends on the pump elec-
tric field, n0 is the initial density of free carriers at the sample
temperature, and E0 is a characteristic electric field dependent
on the radiation frequency. We will discuss the applicability
of this expression for shallow impurities and the characteris-
tics of the FELBE THz radiation pulses in Sec. IV A. For
now, we apply this expression assuming A to be constant over
the field range of our measurements, insert it into Eq. (2) in
the term for the hole density nh = n0 +∆n, and fit the equa-
tion to the values of χ

(3)
e f f extracted from the measurements.

For E0 =11.3 kV/cm, and A = 0.92, we obtain the results
shown by the red curve in Fig. 2c, which reproduces the exper-
imental data very well. We note that both impact and tunnel
ionization rates have an exponential field dependence in their
low-field regimes, i.e. E � E0 = 11.3 kV/cm (Eq. (3)) and
E � αE = 261 kV/cm (see Eq.s (5-8) below), respectively,
with both going into a polynomial-like saturation at higher
fields E&E0,αE . On this basis, only impact ionization can
reproduce the moderate field dependence of the experimental
data in Fig. 2c in our field range.

While this good agreement supports the notion that the
THG of our experiments originates indeed from a χ(3)-
nonlinearity of free holes in the valence band, we have yet
to identify the origin of the nonlinearity itself. Referring to
studies of the free-carrier nonlinearity of various doped semi-
conductors at room temperature20,30–33, one finds that possible
contributions to the nonlinearity may come from both the non-
parabolicity of the energy band in reciprocal space20,31–33 and
from the nonlinear dependence of the free-carrier relaxation
time on momentum20,30 (for kinetic-energy-dependent scat-
tering of holes in group-IV semiconductors, see e.g. Ref. 34).
With the data available from our experiments, we cannot
presently conclude which of the two contributions may domi-
nate in our case (see discussion in Sec. IV A).

We finally address the question whether the dependence
of the nonlinearity on the density of holes may simply re-
sult from thermal ionization of bound dopants due to sam-
ple heating by the THz pulse train. Since the repetition
rate of the FELBE pulses is high (13 MHz), absorbed radi-
ation energy could lead to an elevated sample temperature,
at which radiation heating and energy loss by thermal diffu-
sion are again in balance. However, an analysis of the ab-
sorbed power and heat diffusion in the sample (see Sec. VI C)
tends to rule this out. To test experimentally for such a con-
tribution, we performed additional THG measurements em-

FIG. 3. (a) Scheme of the 1D PC cavity. (b) Blue line: Transmit-
tance spectrum of the 1D PC cavity at 20 K measured by THz time-
domain spectroscopy (TDS); red line: transmittance spectrum cal-
culated with the transfer matrix method (TMM). The spectra are as
simulated respectively measured, without normalization.

ploying a different pump source – the new superconducting
radio-frequency accelerator-based superradiant THz source
(TELBE at HZDR)30. This system operates at a repetition rate
of only 50 kHz, a rate 260 times lower than that of FELBE,
such that any heat accumulation will be significantly reduced.
The measured THG intensity as a function of the pump pulse
energy is shown in the inset of Fig. 2b for the same energy
range of the pump pulses as in the experiments discussed
above. Again, the intensity of the third-harmonic signal in-
creases with the pump pulse energy, albeit with a lower power-
law exponent of η = 3.6 (instead of η = 3.9). The exponent
η > 3 is again evidence for an electric-field-induced carrier
multiplication, while the somewhat lower η value may well
be due to the different pump radiation frequency (0.3 THz)
used in the TELBE experiment (and hence a different value of
E0 in Eq. (3) above).

B. Intracavity THG from Si:B

In order to investigate intracavity THG, a 1D PC cavity
was constructed which consisted of a so-called defect layer
between two Bragg mirrors15. A sketch of the cavity is shown
in Fig. 3a. The 275-µm-thick Si:B sample served as the de-
fect layer, and two identical pairs of unit structures consisting
of a 50-µm-thick slab of HR Si and a 46-µm-wide air gap as
Bragg mirrors on both sides of the defect layer. We calcu-
lated the linear transmittance spectrum of the cavity using the
transfer matrix method. The result is shown by the red line
in Fig. 3b. The spectrum consists of equally spaced narrow-
band cavity resonances within the stop-bands and a much
broader high-transmittance region in the range 1.6-1.8 THz
between the stop-bands. For the cavity mode at 1.58 THz,
chosen for the experiments below, the theoretical intracavity
field enhancement factor rE = 4.6 (directly on resonance, at
the standing-wave antinodes in the defect layer), although as
discussed below, this is the continuous-wave (CW) limit and
the achievable field enhancement for a pulse is reduced due to
the relative linewidths of the cavity resonance and pulse spec-
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FIG. 4. (a) Measured transmittance/emittance spectra of Si:B in the
1D PC cavity, pumped at three FEL pulse energies of 3.2, 8.4 and
21.5 nJ. (b) Measured intracavity THG intensity as a function of the
pump pulse energy (red bullets). For comparison, the THG intensity
for free-standing Si:B is shown by the black open diamonds. Dashed
red and dash-dotted black lines: Power-law trends with an exponent
of 3.9. The horizontal error bars in both data sets indicate the pump
power fluctuation during the experiments.

trum (and imperfections of the experimental cavity).
The transmittance of the 1D PC cavity was also experimen-

tally characterized by THz time-domain spectroscopy with a
spectral resolution of 5 GHz (dictated by the temporal scan
range of 200 ps). The measured transmission spectrum, taken
at a temperature of 20 K, is displayed as a blue curve in
Fig. 3b. One sees that the cavity resonances coincide with the
model calculation, only with some broadening and weaken-
ing, which we attribute to imperfect alignment and planarity
of the cavity structure. Nevertheless, for the cavity mode at
1.58 THz, the measured FWHM linewidth is 8.8 GHz which
translates into a Q-factor of 180. For the THG experiments
at 10 K, we first fine-tuned the FEL radiation frequency to
best match this cavity mode, i.e. to maximise the transmis-
sion (without the high-pass filters in the beam). Note that this
occurred at a shifted pump frequency of 1.65 THz, which we
attribute to temperature-dependent effects on the cavity geom-
etry compared to the transmission measurement at 20 K.

We performed the FTIR measurements of the transmit-
ted/emitted radiation as per the free-standing sample (Fig. 2),
for different pump pulse energies. Fig. 4a shows the mea-
sured spectra for 3.2, 8.4 and 21.5 nJ. Again, in addition to the
fundamental and second-harmonic signals (at 1.65 THz and
3.30 THz, respectively) which originate from the FEL pump
radiation, we observe the THG signal at 4.95 THz (that the
residual fourth harmonic from the FEL is no longer measured

may be due to the transmission spectrum of the cavity). Again,
control measurements with an undoped Si defect layer con-
firmed that the THG originates from the presence of dopants
in the Si:B sample.

Figure 4b displays the intensity of the third harmonic as a
function of the pump pulse energy (red bullets), which, as per
the free-standing sample, can be fitted with a power-law de-
pendence with the same exponent η = 3.9 (red dashed line),
although at high pump pulse energy (above 15 nJ) some satu-
ration is observed. Hence, we attribute the THG to the same
mechanism, i.e. due to free holes which are generated by im-
pact ionization in the THz radiation field. We tend to rule out
heating effects for the saturation (Sec. VI C), as these should
rather first increase the initial residual population of band
carriers. However, it is possible that the nonlinear hole cur-
rent itself exhibits a saturation behavior for large field-driven
wavepacket displacement. For a direct comparison of the rel-
ative THG intensities obtained with and without the cavity as
a function of the pump pulse energy, we present the data of
Fig. 2b again in Fig. 4b as black open diamonds. Compared
with THG from free-standing Si:B, the intracavity THG yield
is increased by a factor of r = 8.

We can also estimate the experimental field enhancement rE
of the fundamental pump in the cavity (at the standing-wave
antinodes), considering the relative linewidths of the FEL
pulses ∆νω = 22.4 GHz and cavity resonance ∆νc = 8.8 GHz.
We derive the following relation:

r = ζ · (1+∆νp/∆νc)
1−η r2η

E , (4)

which accounts for the fact that only the central part of the
pulse spectrum resonates in the cavity (partially offset by the
longer resultant pulse in the cavity) and the standing-wave dis-
tribution in the sample ζ =

〈
cos2η

〉
≈ 0.27. Solving for the

field enhancement yields the value rE = 2.5. This also indi-
cates that the THG enhancement could have been much larger,
if the linewidths of the FEL pulses and cavity mode resonance
were better matched. If we take ∆νp/∆νc = 1 in Eq. (4), we
predict a cavity THG enhancement r = 42, which rapidly in-
creases to r∼300 in approaching the CW limit (∆νp� ∆νc).

IV. DISCUSSION

A. Impact ionization of shallow dopants

We simulated the increase of the density of free holes
by impact ionization with Eq. (3), taken from Refs. 26
and 29. There, it was derived for the description of in-
terband (conduction-to-valence-band) transitions by impact
processes induced in n-InSb (carrier density: 9.3 × 1012-
2.3×1015 cm−3) by 40-ns-long mid-IR pulses29, respectively
in HgTe quantum wells (carrier density: 3× 1011 cm−2) by
100-ns-long THz pulses26. Here, we discuss why this equa-
tion should also be applicable for the analysis of our measure-
ments.

Eq. (3) was derived in Refs. 26 and 29 on the basis of the
assumption that the carriers are thermalized, having a tem-
perature which is elevated above the lattice temperature by
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the action of the radiation field. This assumption is reason-
able as the duration of the radiation pulses was much longer
than τ , the carrier scattering time, which implies that, during
the presence of the pulse, substantial thermalization processes
take place among the charge carriers themselves and between
charge carriers and lattice, while they continue to be heated
by the radiation field. Eq. (3) is based on the picture that car-
riers in the high-energy Boltzmann tail, which have a kinetic
energy larger than the ionization energy Uion, are largely re-
sponsible for the carrier multiplication process35. In the sta-
tistical treatment of the collisions it was assumed that addi-
tional ionization by an increased sample (lattice) temperature
is significantly weaker and was therefore neglected.

The theoretical treatment of impact ionization in Refs. 26
and 29 also assumes non-thermal contributions to be of sec-
ondary significance for the following reason: As the condition
ωτ > 1 holds, the distribution function of the charge carri-
ers in k-space is asymmetric; the individual charge carriers
draw kinetic energy from the radiation field such that their
ensemble-averaged kinetic energy in field direction is higher
than away from it. It is now decisive how large this kinetic
energy is. Averaged over the radiation cycle, it is approxi-
mately given by the ponderomotive energy (see Sec. VI A).
As long as this energy is significantly smaller than Uion, it is
not a dominant factor in the ionization process.

In our experiments, with τ estimated to be on the order
of 2.5 ps36, much larger than the value of 0.2 ps at room
temperature37,38, one finds that the pulse duration of 23 ps is
much longer than τ and that ωτ > 1, i.e., conditions which are
not so different from those of Refs. 26 and 29. Furthermore,
the ponderomotive energy Up of the holes in the driving radi-
ation field is much smaller than the ionization energy. We cal-
culate in the Appendix (Sec. VI A) values of Up = 0.93 meV
for the heavy holes and Up = 2.9 meV for the light holes, to be
compared with the ionization energy Uion = 44 meV. Impact
ionization by non-thermal holes hence should be of secondary
importance. Taking all aspects together suggests that Eq. (3)
should be applicable to our experiments.

We finally recall that impact ionization must fulfill energy
and momentum conservation. This is easily possible in the
case of ionization of shallow impurities, as a one-dimensional
analysis in a parabolic valence band in k-space shows. Let
E1 = h̄2k2

1/2m and E ′1 = h̄2k′21 /2m be the kinetic energy of a
hole before and after the impact interaction with the dopant,
and E2 = h̄2k2

2/2m the kinetic energy of the second hole af-
ter its release from the dopant. Energy conservation requires
E1 = E ′1 +E2 +Uion, while momentum conservation demands
k1 = k′1+k2. With these two equation, one obtains the require-
ment k′1k2 = mUion/h̄2 for the final momenta of the two holes
which can always be fulfilled, if E1 >Uion.

B. Higher harmonics

As stated in the Introduction, one motivation for this work
was the question of whether recollision processes play a role
in our solid-state version of a frozen, dilute atomic gas. As a
necessary (but not sufficient) indicator for recollision, we con-

sidered the appearance of HHG. Revisiting the requirements
for the observation of HHG by recollision, we note that the
condition for a return of an ionized hole to its ion core is that
the motion of the hole is ballistic for at least one oscillation
half-cycle of the radiation field. This condition is fulfilled, as
ωτ > 1 (see above in Sec. IV A). A second condition is that
the colliding hole acquires enough kinetic energy in the radia-
tion field to emit radiation at higher harmonics of the radiation
frequency. From this requirement, we derive a high-frequency
cut-off: The highest harmonic number Nc possible is deter-
mined by Nc = b(Uion + 3.7Up)/(h̄ω)c based on semiclassi-
cal considerations9–11. With the photon energy of 6.45 meV
(at 1.56 THz) and the values of Uion and Up above, one ob-
tains Nc = 7 for heavy holes and Nc = 8 for light holes. Based
on this condition, high harmonics could be generated in our
system.

The reason for not observing HHG is probably that the ion-
ization rate is too low to generate a detectable signal. There
are, in addition, two factors which may reduce the efficiency
or the observability of recollisional HHG further. (i) A tacit
assumption of HHG is that the charge carrier is a spatially
localized object which is driven away far enough from the
potential of the ion core that the recollision process is near-
instantaneous. Unlike in gas systems, the holes in our dopant
systems are more extended wave-packet objects, the core po-
tential extends further out into space (∼1 nm) because of the
dielectric influence of the host crystal, and the trajectory of
the holes brings them not very far away from the ion core
(∼ 3 nm for heavy holes, 11 nm for light holes). These as-
pects may lead to a reduction of HHG efficiency. (ii) A pos-
sible reason for a suppressed visibility of HHG is the ensem-
ble average of the emission. In the HHG experiments with
gases, the ionization and recollision processes of the different
atoms are synchronized by the extremely short laser pulses
employed. Our experiments were performed with multicycle
pulses under conditions where a tight synchronization is not to
be expected and destructive interference may be significant.

V. CONCLUSION

By employing intense FEL pulses, we have experimentally
demonstrated THG from Si:B at low temperature. The THG
process can be attributed to the third-order nonlinearity of free
holes in the valence band, where the increase of the suscep-
tibility χ(3) with pump intensity indicates that the number of
free holes also increases due to ionization of the dopants dur-
ing each pump pulse. While direct tunneling ionization can-
not readily account for this intensity dependence, we find that
a previously established model for impact ionization, initiated
by thermally ionized band carriers, allows us to fit the data
over a wide range of pump intensity. In addition, by embed-
ding the Si:B in a 1D PC cavity, we observe an increase in the
THG efficiency by up to 8 times compared to the free-standing
sample, due to the electric field enhancement at a cavity res-
onance frequency. A consideration of the relative linewidth
of the FEL pump pulses and cavity resonance suggests that
the enhancement of intracavity THG efficiency could be in-
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creased to a factor exceeding 100 if pump pulses with a nar-
rower linewidth were employed. Such experiments show how
dielectric THz cavities, which can be readily constructed with
high Q-factor, can greatly enhance nonlinear processes, and
can be potentially employed as a platform for many other non-
linear light-matter interaction experiments.

VI. APPENDIX

A. Keldysh parameter

The Keldysh parameter γ is a quantity used in atomic
physics to determine, whether multiphoton absorption or tun-
neling is more efficient at photoionization of gas molecules
in strong radiation fields. γ =

√
Uion/(2Up) compares the

ionization energy Uion of the atomic species with the cycle-
averaged ponderomotive (quiver) energy Up = e2E2

ω/(4mω2)
of a free electron with mass m=me. If γ > 1, multiphoton ion-
ization dominates over tunneling ionization. We evaluate the
Keldysh parameter for the case of bound holes in Si:B using
the following parameters: Uion = 44 meV,2 effective conduc-
tivity mass of light holes mlh = 0.16me and of heavy holes
mhh = 0.49me

39, and ω = 2π ·1.56 THz. For a radiation field
of Eω = 10 kV/cm, one obtains a ponderomotive energy of
2.9 meV (0.93 meV) and the value γ = 2.8 (γ = 4.85) for light
holes (heavy holes).

B. Tunneling ionization rate

An expression for the tunneling rate of holes from acceptors
in a strong electric field was derived in Ref. 40 and applied
successfully to ionization studies of shallow acceptors in Ge
using both DC electric fields41 and single-cycle THz pulses42.
There, the tunneling rate of Ref. 40 was approximated by:

τ
−1
t (t) = Ω

(
6αE

Eω(t)

)2n∗1−1

exp
(
− αE

Eω(t)

)
, (5)

where the parameters Ω, αE and n∗1 are defined by41

Ω =
1

σ2[Γ(n∗1 +1)]2
· 2Uion

h̄
, (6)

αE =
4
√

2mlh U3/2
ion

3eh̄
, (7)

n∗1 =
e2

4πε0εrh̄
·
√

mlh

2Uion
. (8)

Γ(n∗1 + 1) is the Euler gamma function and σ2 = 0.63 a Si
valence band parameter40. As the tunneling rate increases
strongly with decreasing mass, one considers only the light
holes here. Using the value of mlh = 0.16 me, we arrive at
the following values of the three parameters of Eqs. (6)–(8):
Ω = 2.73×1014 s−1, αE = 261 kV/cm and n∗1 = 0.5845.

With the tunneling rate of Eq. (5), we can derive the density
∆n of tunneling-ionized dopants (i.e. the density of additional

free holes), generated by each THz pulse by integration over
the THz waveform42. For weak ionization, i.e., neglecting de-
pletion of the non-ionized dopants: ∆n= nd

∫
τ
−1
t (t)dt, where

nd is the dopant density, which yields the curve in Fig. 2c. As
shown, this leads to values ∆n∼1010 cm−3 at our peak field of
E = 12 kV/cm, although there are reports (e.g. for GaAs:C41)
where it was shown that Eq.s (5-8) can overestimate the ex-
perimental tunnel ionization rate by an order of magnitude or
so at high fields.

We also remark that pulse-to-pulse accumulation of holes
can be ignored, as the time interval between pulses is 76 ns,
while the recombination time of holes in Si:B is about
500 ps43.

C. Thermal carrier concentration and sample heating

One can estimate the density n0 of thermally ionized holes
in the valence band at low temperature T via the relation44:

n0 ≈

√
NV ·nd

gA
· exp

(
− Uion

2kBT

)
(9)

where nd = 5× 1016 cm−3 is the acceptor concentration,
gA = 4 is the degeneracy of the 1Γ8

+-ground state, and NV =

2(2πm̂hkT/h2)3/2 is the valence band effective density of
states (DOS) in terms of the effective DOS mass m̂h = 0.59 ·
me

44. For T = 10 K, NV = 6.9× 1016 cm−3, and one calcu-
lates from Eq. (9) a free hole density n0 < 107 cm−3, although
this rises exponentially to a value n0∼1011 cm−3 at T = 20 K.
Hence the precise residual density of thermally ionized holes
(without FEL illumination) depends critically on the actual
base temperature of the sample (as well as trace concentra-
tions of compensating donors and other defects) and is diffi-
cult to quantify. However, our main aim here is to evaluate
whether the Drude absorption of these carriers should lead to
a significant temperature increase of the sample (and hence
further thermal ionization) under the steady-state FEL illumi-
nation, with a maximum energy of Jω ∼ 30 nJ and average
power of P̄ω ∼390 mW.

The Drude absorption coefficient (for weak absorption and
a scattering time τ such that ωτ � 1) is given by

α ≈ n0e2

ε0c0
√

ε∞r ·mhω2τ
, (10)

where ε∞r = 11.8 is the background relative permittivity and
mh = 0.345 ·me the effective hole conductivity mass45. If we
assume a relatively high nominal density of n0 = 1012 cm−3

and τ = 1 ps (so as not to underestimate beam absorption
and heating), then the absorption coefficient in Eq. (10) still
amounts to only α∼10−4 mm−1.

Considering first the initial temperature rise ∆T1 on the
beam axis due to a single pump pulse, with the THz focal
1/e2-beam diameter 2w = 400 µm. The deposited heat den-
sity is u1(r = 0) = αJω/(

1
2 πw2), and so ∆T1 = u1/cV where

cV = cρ = 7×10−4 Jcm−3 K−1 is the volumetric heat capacity
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at 10 K,46 from which we calculate ∆T1∼100 µK, i.e. negli-
gible heating. Nevertheless, one must also evaluate the accu-
mulated steady-state temperature rise ∆T in the train of such
pulses (repetition rate νp = 13 MHz). Here one must account
for the edge cooling of the sample which occurs at the perime-
ter of the circular metallic mounting aperture with inner diam-
eter 2R = 6 mm (while radiative cooling can be shown to be
negligible). As αL� 1 (sample thickness L = 275 µm), the
heating should be approximately uniform along the beam axis.
Hence one can solve the radially symmetric steady-state 2D
heat diffusion equation ∇2

r T = −α Īω(r)/kT with the bound-
ary condition ∆T (r = R) = 0, where the average THz inten-
sity Īω(r) = P̄ω/(

1
2 πw2)e−2r2/w2

and the thermal conductivity
kT = 7 Wcm−1 K−1 (at 10 K)47. The solution can be derived
as ∆T (r = 0) = αPη/(2πk),48 where η(w,R) = 3.3 is a geo-
metric factor. With the heat diffusion coefficient β = k/cV =
1 m2 s−1, we find ∆T (r = 0)/∆T1 = νpw2/(4β )∼1, i.e. also
no significant steady-state heating, this due to the fact that the
characteristic diffusion time w2/(4β ) is on the order of the
inter-pulse period. Hence we can neglect beam heating ef-
fects on the residual free hole density vs. FEL pump intensity
in the range studied in this paper.
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