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Abstract 

An advanced recirculation cell model is proposed, which describes fluid dynamics and mass 

transfer in bubble columns with and without internals. The new model incorporates the cell 

approach of Shimizu et al. [Chem. Eng. J. 2000, 78, 21-28.] with latest breakup and coalescence 

kernels. Additionally, the gas flow structure is divided according to the two-bubble class 

assignment with fast-rising large bubbles in the column center and descending small bubbles 

near the wall following the liquid circulation pattern within the column’s cross-section. The 

effect of internals is considered dividing the column further into ‘sub-columns’ derived from the 

internals’ radial profile, which physically refines the liquid circulation pattern. The model was 

validated with experimental data of Möller et al. [Chem. Eng. Sci. 2018, 179,265-283; Chem. Eng. 
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Res. Des. 2018, 134; Chem. Eng. Sci. 2019] for narrow (0.1 m diameter) and pilot-scale (0.39 m 

diameter) columns, respectively, with and without internals operated up to the well-developed 

churn-turbulent flow regime. Predictions for bubble size distribution, total gas holdup, Sauter 

mean diameter as well as interfacial area and volumetric mass transfer coefficients agree well with 

the experiments. 

Keywords 

Bubble column, tube bundle internals, recirculation cell model, two-bubble class approach, 

hydrodynamics, mass transfer 

1 Introduction 

Bubble column reactors (BCRs) are widely applied apparatuses for a variety of multiphase 

reactions such as oxidations, hydrogenations, and wastewater treatment as well as for bio-

technological processes [1–4]. BCRs have simple designs and operate without moving parts, 

which make them comparably cost-effective in terms of CAPEX and maintenance. Gas is 

typically dispersed at the bottom, while liquid is either fed in batch or continuous mode. 

Excellent mass and heat transfer performance can be reached at comparably low energy input 

[5,6]. Most of the reactions in BCRs are exothermic, thus, require appropriate heat removal to 

guarantee isothermal, stable and safe operation. To provide sufficient heat transfer area, dense 

vertical internal tube bundles are mostly installed in BCRs [7–12]. As an example, 210 kJ reaction 

heat per mole of converted CO is released in the Fischer-Tropsch synthesis – a process, which is 

currently experiencing a renaissance reflected by major industrial investments in its exploitation. 

To remove the reaction heat from the Fischer-Tropsch synthesis, between 20 and 40 % of the 

reactor’s cross-sectional area is typically covered by internals, which significantly impact the 
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hydrodynamics depending on the tube bundle design [13–22]. An accurate modeling of 

hydrodynamics and mass transfer in BCR with internals is still an open point. 

Schlüter [11] categorized the available BCR models into reactor models and hydrodynamic 

models, whereas the latter can be turned into rector models accounting for chemical species 

through considering their specific reaction kinetics. Hydrodynamic models comprise axial and 

radial dispersion models [21,23,24], circulation flow models [25–27], compartment and bubble 

class models [28–31] as well as cell models [32]. CFD approaches involve highest hydrodynamic 

complexity [33,34], however, shall not be further addressed here as the computational afford is 

too high. 

Dispersion models commonly lump microscopic effects (Reynolds, grid, swarm, deformation 

and interfacial turbulence) and macroscopic effects (due to radial flow distribution, channeling, 

mal-distribution and dead zones, velocity profiles, inner circulation and wakes) with gross mixing 

parameters. The axial dispersion model (ADM) perceives any deviation from plug flow as 

longitudinal mixing quantified by axial dispersion coefficients of the respective phases. This 

model can be further refined by accounting for transverse mixing via radial dispersion 

coefficients. Zonal mixing can be considered further refining the column into compartments of 

characteristic dispersion. For example, liquid circulation can be accounted for by distinguishing a 

core zone with fast-rising large bubbles and a wall zone with descending small bubbles. The 

dispersion models are primarily used to describe the overall mixing behavior, while cell models 

based upon vertical column segmentation are preferably used to predict bubble size distributions 

and mass transfer coefficients. Here, each cell is considered as fully mixed and is connected via 

heat and mass transfer to the neighbor cells. The compartment mixing model and the cell model 

are described in detail below. In particular, their limitations to properly account for the effects of 

internals are discussed. 
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2 Fluid Dynamic Models Revisited 

2.1 Convection-Diffusion Compartment Approaches 

The research group of Professor Duduković proposed a compartment model (schematically 

shown in Figure 1) to describe the mixing behavior in different zones of bubble columns based 

on comprehensive flow analyses using computer-automated radioactive particle tracking 

[28,30,31,35,36].  

 

 

Figure 1: Schematic illustration of single- and two-bubble class compartment models. 

 

Basically, gas and liquid phases are considered featuring individual circulation patterns. Gas and 

liquid rise in the column center (core) and descend near the wall. The model considers zones of 

different mixing characteristics described by respective axial dispersion coefficients (𝐷𝐷ax,1 and 

𝐷𝐷ax,2) in the respective convection-diffusion equations. Rising and descending gas and liquid are 

connected via exchange terms (𝐷𝐷rr). The convection-diffusion equations are solved for each 
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phase to predict the species concentrations. Although gas and liquid dispersions are known to 

differ significantly [37], Gupta et al. [28] assumed identical axial dispersion coefficients for both 

phases for simplicity reasons. The balance equations for gas and liquid phases are coupled via 

mass transfer terms specifically for up- and downflow of gas and liquid. All entrance and exit 

zones are considered as perfectly mixed and are described as continuous-stirred tank reactors 

(CSTR). The zone-specific mixing and the mass transfer parameters are commonly taken from 

empirical correlations which are obtained experimentally, for example via tracer response 

techniques and oxygen/nitrogen stripping, respectively. This model approach is also referred to 

as single-bubble approach as it is assuming mono-disperse bubbles. 

Gupta et al. [28] further refined the model considering a bimodal BSD, also referred to as two-

bubble class approach (TBCA). Here, large bubbles rise in the column center and small bubbles 

rise in their wakes and recirculate (descend) in the wall zone (Figure 1). Accordingly, a coupling 

term between small and large bubbles and a mass transfer coefficient to connect the convection-

diffusion equations of large rising bubbles and ascending liquid are additionally required. 

Coupling reaction kinetics with the convection-diffusion equations qualifies the model as a 

design tool for reactive bubble column processes. However, bubble characteristics and evolving 

BSDs cannot be obtained. 

2.2 One-Dimensional Cell Model 

Shimizu et al. [32] proposed a dynamic phenomenological 1D cell model, where the column of 

length 𝐿𝐿𝑐𝑐 is divided into 𝑀𝑀 cells of height 𝛥𝛥𝛥𝛥 = 𝐿𝐿𝑐𝑐 𝑀𝑀⁄ . In their model, changes in the bubble 

size, 𝑑𝑑b, per time step, Δ𝑡𝑡, along their rise path are considered via breakup and coalescence 

kernels according to Prince and Blanch [38] (Figure 2). Further, only equal-sized breakup, 

spherical bubble shapes and ascending bubbles are assumed. 
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Figure 2: Schematic illustration of the cell model approach by Shimizu et al. [32] 

 

The number of introduced mono-disperse gas bubbles depends on inlet gas flow rate and 

sparger design. Breakup and coalescence events occur simultaneously, however, only one event 

per bubble within 𝛥𝛥𝑡𝑡 is allowed. 𝛥𝛥𝑡𝑡 is the ‘observation time’ and can be chosen arbitrarily. 

However, it should not exceed the time required for the bubble breakup or coalescence event. 

Position and size for every bubble are calculated at every time step. The number of cells the 

bubbles are passing during 𝛥𝛥𝑡𝑡 is  

 

Δ𝑁𝑁 =  𝑢𝑢r′
Δ𝑡𝑡
Δ𝛥𝛥

, 
(1) 

 

while  

 

𝑁𝑁t+Δt =  𝑁𝑁t + Δ𝑁𝑁 (2) 

 

is the subsequent bubble position at 𝑡𝑡 + Δ𝑡𝑡. The actual bubble rise velocity, 𝑢𝑢r′, is  
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𝑢𝑢r′ = 𝑢𝑢r + 𝑐𝑐𝑢𝑢l, (3) 

 

where 𝑢𝑢𝑟𝑟 is the bubble rise velocity in quiescent liquid, that was defined by Lin et al. [39] 

according to 

 

𝑢𝑢r =  �2.14
𝜎𝜎l
𝜌𝜌l𝑑𝑑b

+ 0.505𝑔𝑔𝑑𝑑b�
0.5

. 
(4) 

 

The recirculatory liquid flow structure is not explicitly considered. Instead, its damping effect on 

the average liquid velocity is approximated via 𝑐𝑐 = 2 3⁄  in Eq. 3.  

At steady-state, Shimizu et al. [32]derived the BSDs for 𝑀𝑀 = 500 and 𝛥𝛥𝑡𝑡 = 0.05 s for column 

heights of 0.834 m and 1.7 m, respectively, at superficial gas velocities up to 0.03 m s-1. Eventually, 

BSD data were utilized to calculate gas holdup, interfacial area and volumetric mass transfer 

coefficients (via penetration theory of Higbie [40]), which agreed reasonably well with 

predictions from literature correlations. However, recalling the uncertainties of the manifold 

from available correlations [41] experimental validation of the predicted BSD data is still due. 

The applicability of the cell model for churn-turbulent conditions and internals has to be 

verified, too. Some additional shortcomings of the cell model are: 

• the liquid velocity profile is not considered when predicting the bubble rise velocities; 

• the formation of only equal-sized daughter bubbles is assumed; 

• the latest breakup and coalescence kernels are not yet implemented and tested; 

• the bubble motion is restricted to ascending paths, and 

• a constant inlet bubble size is considered for all studied velocities. 

 

The cell model approach by Shimizu et al. [32] is used to predict mass transfer and the column 

performance. However, the model does not represent the flow pattern. Thus, a recirculation cell 
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approach is introduced below, which combines the cell approach by Shimizu et al. [32] with the bubble 

class assignment and the flow structures known from Gupta et al. [31] 

3 Towards an Advanced Recirculation Cell Model 

3.1 Conceptual Model Design 

A recirculation cell model is proposed (Figure 3), which combines the TBCA according to the 

macroscopic flow structures (Section 2.1) and the axial cell division to account for breakup and 

coalescence (Section 2.2). 

 

 

Figure 3: Schematic illustration of the recirculation cell model considering the TBCA. 

The bubble motion is governed by the liquid velocity profile, which divides the BCR into zones 

of characteristic liquid flow behavior. A bubble size threshold is defined distinguishing rising and 

descending bubbles [22]. Furthermore, the column is axially divided into cells considering 

breakup and coalescence events, which eventually result in BSD changes along the column 

height. 
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The new model features latest breakup and coalescence kernels (see Appendix A.1 – A.2) as well 

as liquid velocity profiles for an appropriate consideration of the flow pattern. 

The heat exchanger internals are considered in terms of solid profile or inversely as free area 

distribution, respectively, as shown in Figure 4. 

 

Figure 4: Division of the BCR into sub-columns based on the radial free area distribution. The lower peaks confine 

sub-columns with the cross-sectional area, 𝑨𝑨𝐞𝐞,𝒊𝒊. 

 

For the internals configuration shown in Figure 4, three lower peaks confine four zones (termed 

as sub-columns). Each sub-column features an individual liquid velocity profile. Further, two 

bubble classes with respective flow direction and velocities are considered in each sub-column. It 

should be noted that any exchange between different sub-columns is neglected and each sub-

column is modeled separately. The details of the new model are explained below. 
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3.1.1 Definition of Gas Flow Structure and Bubble Allocation 

For a proper consideration of the governing fluid dynamics, the bubbles are allocated within the 

column’s cross-section according to their size. The actual bubble rise velocity is the summation 

of the bubble’s rise velocity (Eq. 4) and the radial liquid velocity profile according to 

 

𝑢𝑢r′(𝜉𝜉) = 𝑢𝑢r + 𝑢𝑢l(𝜉𝜉), (5) 

 

where 𝜉𝜉 is the dimensionless column radius. Figure 5 shows a typical liquid velocity profile 

evolving in an empty BCR. 

 

 

Figure 5: Time-averaged liquid velocity profile in a column without internals and division into zones of characteristic 

bubble size and flow direction. 

 

While Gupta et al. [31] defined wall zone (descending small bubbles) and column zone (rising 

large bubbles and small bubbles in their wakes) only, the latter is now further refined into small 

and large bubbles rising at different radial positions depending on the liquid velocity in order to 

capture the rising small bubbles, which are typically dragged behind the wakes of the large 
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bubbles. A second transition point separating small and large rising bubbles is introduced for 

every cell at every time step according to their holdups 

 

𝜀𝜀g,l

𝐴𝐴c,l
=
𝜀𝜀g,su

𝐴𝐴c,su
, (6) 

 

where 𝐴𝐴c,l and 𝐴𝐴c,su are the areas occupied by large and small bubbles, respectively, and 𝜀𝜀g,l and 

𝜀𝜀g,su are the holdups of large and small rising bubbles, respectively (see Figure 5). Replacing 𝐴𝐴c,l 

and 𝐴𝐴c,su with the dimensionless radius, 𝜉𝜉c,sl separates the core zones for every time step in 

every cell according to 

 

𝜉𝜉c,sl = 𝜉𝜉t �
𝜀𝜀g,su

𝜀𝜀g,l
+ 1�

0.5

. (7) 

 

The transition point between up- and downflow, 𝜉𝜉t, can be derived from the radial liquid 

velocity profile based on empirical correlations (Wu et al. [42]) or phenomenologically (Vitankar 

and Joshi [43]), assuming the radial gas holdup profile according to 

 

𝜀𝜀g =
𝑚𝑚 + 2
𝑚𝑚

�𝜀𝜀g̅ − 𝜀𝜀w�(1 − 𝜉𝜉m) + 𝜀𝜀w, (8) 

 

where 𝜀𝜀w is the gas wall holdup and 𝜀𝜀g̅ is the total gas holdup. The liquid velocity profile can be 

calculated according to 

 

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

= 𝜉𝜉𝜉𝜉
𝜏𝜏w

𝜇𝜇t + 𝜇𝜇l
�1 −

𝜉𝜉𝜌𝜌l𝑔𝑔�𝜀𝜀g̅ − 𝜀𝜀w�
𝑚𝑚𝜏𝜏w

(1 − 𝜉𝜉m)�, (9) 
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with the boundary conditions  

 

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑟𝑟

= 0 at 𝜉𝜉 = 0, (10) 

 

and 

 

𝑢𝑢l = 0 at 𝜉𝜉 = 1. (11) 

 

The parameters 𝑚𝑚 and 𝜀𝜀w as well as turbulent viscosity, 𝜇𝜇t, and wall shear stress,  𝜏𝜏w, are chosen 

to comply with the continuity equation 

 

� 2𝜋𝜋𝜀𝜀l𝑢𝑢l𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜋𝜋
4
𝐷𝐷2𝑉𝑉l

𝑅𝑅

𝑟𝑟=0

. (12) 

 

The derivation of Eqs. 8 to 12 according to Vitankar and Joshi [43]is outlined in the Appendix 

A.3. It should be mentioned that the same procedure holds if internals are installed. Here, the 

column is divided into several sub-columns, featuring individual liquid velocity profiles (see 

Figure 6).  
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Figure 6: Schematic illustration of the mutually dependent profiles of gas saturation and liquid velocity. 

 

To account for the available area (reduced by the internals), total and wall gas holdup in Eq. 9 are 

replaced by respective saturation values and fitted to the gas saturation profile (Figure 6, upper) 

according to 

 

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

= 𝜉𝜉𝜉𝜉
𝜏𝜏w

𝜇𝜇t + 𝜇𝜇l
�1 −

𝜉𝜉𝜌𝜌l𝑔𝑔��̅�𝛽g − 𝛽𝛽w�
𝑚𝑚𝜏𝜏w

(1 − 𝜉𝜉m)�, (13) 

 

where 
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�̅�𝛽g = 𝜀𝜀g̅𝜙𝜙 and 𝛽𝛽w = 𝜀𝜀w𝜙𝜙. (14) 

 

It should be noted that the radial holdup profile is multiplied by the free area fraction to ensure a 

parabolic holdup profile for each sub-column (see Figure 6, top). The parameters in Eq. 8 (𝜀𝜀w, 

𝜀𝜀g̅ and 𝑚𝑚) are fitted to the gas saturation profile. For every sub-column, the holdup profile from 

the maximum (center of the respective sub-column) to the right-hand side minimum is 

considered. Upon parameters determination for every sub-column, the liquid velocity profile can 

be derived. 

When there is no radial gas holdup data available, one can utilize the correlation of Wu et al. [42] 

to derive the liquid velocity profile according to  

 

𝑢𝑢l = 𝑣𝑣l,c �1 − 2.65𝑛𝑛0.44𝑐𝑐 �
𝑑𝑑
𝜉𝜉
�
2.65𝑛𝑛0.44𝑐𝑐

�, (15) 

 

with 

 

𝑛𝑛 = 2.188 × 103Reg−0.598Frg0.146Mol−0.004, (16) 

 

and 

 

𝑐𝑐 = 4.32 × 10−2Reg0.2492. (17) 

 

The center-line liquid velocity for column or sub-column, 𝑣𝑣l,c, can be calculated according to  
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𝑣𝑣l,c = 0.737�𝑢𝑢g�
4𝜋𝜋
𝐴𝐴e,𝑖𝑖

�

1/3

 (18) 

 

or 

 

𝑣𝑣𝑙𝑙,𝑐𝑐 = 0.21�𝑔𝑔�
4𝜋𝜋
𝐴𝐴e,𝑖𝑖

�

1/2

�
𝑢𝑢𝑔𝑔3𝜌𝜌𝑙𝑙
𝑔𝑔𝜇𝜇𝑙𝑙

�
1/8

, (19) 

 

as proposed by Zehner [44] and Riquarts [45], respectively, which are valid for 𝐷𝐷 = 0.1 … 5.5 m, 

𝑣𝑣lc = 0.2 … 1.1 m s-1 and 𝐷𝐷 = 0.138 … 0.6 m, 𝑢𝑢g = 0.064 … 0.35 m s-1, respectively. It should be 

mentioned that the correlation of Wu et al. [46] was derived for a variety of gas and liquid 

properties and can be considered as reliable. The sub-column area, 𝐴𝐴e,𝑖𝑖, is separately determined 

for every column or sub-column, respectively. 

It has to be noted that the bubbles can freely move within the columns cross-sections [47,48]. 

However, when internals are inserted, the column is further divided into sub-column, where a 

radial bubble exchange is neglected. Nevertheless, the bubbles can move radially within each 

sub-column. 

3.1.2 Breakup and Coalescence Kernels 

Liao [47] proposed a generalized bubble breakup and coalescence framework. The breakup 

frequency is defined as 

 

Ω = �
��

𝜏𝜏𝑘𝑘 − 𝜏𝜏c
𝜌𝜌l

�
0.5 1
𝑑𝑑𝑗𝑗

      (𝜏𝜏𝑘𝑘 > 𝜏𝜏c)
𝑘𝑘

0                                      (𝜏𝜏𝑘𝑘 < 𝜏𝜏c).
 (20) 
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The subscript 𝑘𝑘 refers to the governing mechanisms leading to bubble breakup, namely, 

turbulence, laminar shear, eddy shear and interfacial slip. The breakup volume fraction, 𝑓𝑓bv, is 

modeled as an M-shape distribution [49] instead of an equal-sized fraction as originally proposed. 

The coalescence frequency is defined as  

 

Γ�𝑑𝑑𝑖𝑖,𝑑𝑑𝑗𝑗� = 𝛾𝛾�Π𝑆𝑆𝑖𝑖𝑗𝑗,t𝑢𝑢r,t𝜆𝜆t + 𝑆𝑆𝑖𝑖𝑗𝑗,s𝑢𝑢r,s𝜆𝜆s +  𝑆𝑆𝑖𝑖𝑗𝑗,b𝑢𝑢r,b𝜆𝜆b + 𝑆𝑆𝑖𝑖𝑗𝑗,w𝑢𝑢r,w𝜆𝜆𝑤𝑤 + 𝑆𝑆𝑖𝑖𝑗𝑗,e𝑢𝑢r,e𝜆𝜆e�. (21) 

 

The effect of the superficial gas velocity on the inlet bubble diameter is considered via the 

correlation of Jamialahmadi et al. [50] according to 

 

𝑑𝑑b = 𝑑𝑑o �
5

𝐵𝐵𝑜𝑜1.08 +
9.261𝐹𝐹𝑑𝑑0.36

𝐺𝐺𝑎𝑎0.39 + 2.147𝐹𝐹𝑑𝑑0.51�, (22) 

 

where 𝑑𝑑𝑜𝑜 is the sparger hole diameter, and 𝐵𝐵𝑜𝑜, 𝐺𝐺𝑎𝑎 and 𝐹𝐹𝑑𝑑 are dimensionless numbers to 

account for forces affecting the bubble formation. The correlation is valid for 𝑉𝑉ġ = 0.1 … 

10 cm3 s-1, 𝜂𝜂l = 0.006 … 0.1 pa s and 𝜎𝜎 = 0.02 … 0.08 N m-1. 

3.2 Simulation Procedure and Parameter Extraction 

Figure 7 shows the flowchart of the simulation procedure of the proposed model. Initially, 

parameters such as operational and geometrical parameters as well as drift flux constants are 

inserted, the number of sub-columns is determined and the liquid velocity profile is derived. 
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Figure 7: Flowchart of the simulation procedure of the advanced recirculation cell model for bubble columns with and 

without internals. 

 

Subsequently, injected bubbles change their size due to coalescence and breakup and move 

depending on the macroscopic flow structures. Steps 4 to 10 are repeated until steady-state is 

reached. Eventually, the BSD is derived assigning the bubbles into 24 bins of 4×10-3 m size 

ranging from 0 to 0.1 m and gas holdup and Sauter mean diameter are determined assuming 

spherical bubbles according to 

 

εg =
𝑉𝑉g

𝑉𝑉g + 𝑉𝑉l
=
∑ 𝑉𝑉b𝑖𝑖𝑖𝑖

𝑉𝑉r
, (23) 
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and 

 

d32 =
6𝑉𝑉�b
𝑆𝑆b̅

. (24) 

 

The interfacial area is defined as 

 

𝑎𝑎 =
6𝜀𝜀g
𝑑𝑑32

. (25) 

 

The liquid-side mass transfer coefficient is determined based on the penetration theory of Higbie 

[40] for the description of the unsteady-state mass transfer process around gas bubbles according 

to 

 

𝑘𝑘l = �
4𝐷𝐷L
𝜋𝜋𝑡𝑡c

, (26) 

 

where 𝐷𝐷L is the molecular diffusivity and 𝑡𝑡c is the gas-liquid contact time, which is typically 

defined as the ratio of bubble surface, 𝑆𝑆B, to surface formation rate, 𝜉𝜉SF, 

 

𝑡𝑡𝑐𝑐 =
𝑆𝑆B
𝜉𝜉SF

, (27) 

 

with  

 

𝑆𝑆B = 4𝜋𝜋 �
𝑑𝑑32
2
�
2

 (28) 
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and  

 

𝜉𝜉SF = 𝜋𝜋 𝑑𝑑b𝑢𝑢b. (29) 

 

Eventually, the volumetric gas-liquid mass transfer coefficient is  

 

𝑘𝑘l𝑎𝑎 = 𝑘𝑘l ⋅ 𝑎𝑎. (30) 

4 Validation Cases and Model Parameters 

For model validation, BSD, gas holdup, Sauter mean diameter, interfacial area and volumetric 

mass transfer coefficients experimentally obtained for air/water bubble columns of different 

diameter (DN100 and DN400) with internals of various patterns and layouts [18,19,21,51,52] are 

considered. The configurations of internals and columns as well as fluid properties are 

summarized in Table 1 and Table 2, respectively. Relevant model parameters are summarized in 

Table 3. 

 

Table 1: Patterns and layouts of the internals used (gray tubes hold for DN400 columns only). 

Pattern 

    

D
N

10
0 

Type 
Square 8 

(s8) 

Triangular 8 

(t8) 

Square 13 

(s13) 

Triangular 13 

(t13) 

do in ×10-3m 8.0 8.0 13.0 13.0 

P in ×10-3m 11.0 11.5 17.5 18.5 
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dh in ×10-3m 7.6 5.6 11.8 8.9 

As in ×10-

6m2 
70.7 32.1 173.5 81.8 

Ac in % 24 24 23 23 

N 37 37 13 13 

D
N

40
0 

Type 
Square 32  

(s32) 

Triangular 32 

(t32) 

Square 45 

(s45) 

Triangular 45 

(t45) 

do in ×10-3m 32.0 32.0 45.0 45.0 

P in ×10-3m 42.9 45.9 61.3 64.3 

dh in ×10-3m 28.7 22.2 41.9 31.0 

As in ×10-

6m2 
1034.3 511.7 2161.1 995.6 

Ac in % 25 25 28 25 

N 37 37 21 19 

 

Table 2: Column dimensions and fluid properties. 

Parameter DN100 DN400 

Column diameter, 𝐷𝐷 / m 0.10 0.392 

Clear liquid height, 𝐿𝐿c / m 1.1 2.65 

Sparger hole size, ×10-3 m 0.5 

Sparger opening area, % 0.14 

Liquid (water) density, 𝜌𝜌l / kg m-3 997 

Gas (air) density, 𝜌𝜌g / kg m-3 1.204 

Liquid (water) surface tension, 𝜎𝜎 / N m-1 72.75×10-3 

Liquid (water) dynamic viscosity, 𝜂𝜂l / Pa s 1×10-3 
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Table 3: Model parameters. 

Parameter DN100 DN400 

Smallest bubble diameter, 𝑑𝑑b,min / m 0.5×10-3 5×10-3 

Largest bubble diameter, 𝑑𝑑b,max / m 0.1 

Number of bubble classes, 𝑛𝑛class / - 24 

Initial film thickness, ℎ0 / m 1×10-4 

Critical film thickness, ℎf / m 1×10-8 

Threshold to distinguish large and small bubbles, 𝑑𝑑b,lim / 

m 
6×10-3 

Fraction of descending small bubbles, 𝜆𝜆 / - 0.5 

Number of compartments, 𝑀𝑀 / - 200 400 

Lowest compartment of top zone, 𝑀𝑀top / - 200 400 

Highest compartment of sparger zone, 𝑀𝑀bottom / - 5 

 

The drift flux constants (see Eqs. A-30 and A-31 in Appendix A.3), summarized in Table 4 for 

calculating the liquid velocity profile according to Vitankar and Joshi [43], are derived from the 

slope of the total gas holdup as a function of the superficial gas velocity plots [18,51]. 

Table 4: Drift flux constant for the determination of the liquid velocity profile (see Eqs. A-29 to A-31). 

 DN100 DN400 

Drift 

flux 

constant 

s8 t8 s13 t13 e100 s32 t32 s45 t45 e400 

𝐶𝐶0 2.03 1.85 2.31 1.77 2.34 3.30 3.17 3.11 3.67 3.84 
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𝐶𝐶1 0.33 0.46 0.34 0.43 0.30 0.32 0.50 0.75 0.27 0.37 

 

5 Model Validation 

5.1 Results Obtained with a Phenomenological Liquid Velocity Profile  

5.1.1 Gas Holdup 

Experimental (symbols) and respective predicted data (connection lines are shown for clarity 

only) for the total gas holdup depending on the superficial gas velocity are shown in Figure 8 for 

DN100 (upper row) and DN400 (lower row). Line and symbol notions hold also for the other 

figures in this chapter. 

 

 

Figure 8: Comparison of experimental and predicted gas holdup data. 
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As evident from Figure 8, the holdup data for the narrow empty bubble column are 

overestimated, which is due to the larger turbulence level obtained by the breakup kernel of Liao 

[47]. Accordingly, the breakup frequency increases forcing the formation of small bubbles which 

causes higher holdup. The effect of internals is properly captured for the narrow columns as 

confirmed by the holdup curves (Figure 8, upper row). The predicted effect of the internals for 

the large column is less distinct. To capture the different tube sizes and patterns, the column was 

segmented and the liquid velocity profile was accordingly altered. However, the breakup 

frequency, which depends on the hydraulic sub-channel diameter, cannot be reproduced with the 

current model. This, in turn, leads to deviations between experiments and predictions. Highest 

gas holdups are obtained for the Triangular 45 (t45) configuration. The trend is properly met, 

however, the values still diverge from the experiments due to the high breakup frequency. Since 

the hydraulic sub-channel diameter determines bubble size, turbulence levels and breakup 

frequencies, further experimental or numerical studies are required to reliably relate breakup 

efficiency and hydraulic sub-channel diameter. 

 

5.1.2 Bubble Characteristics and Mass Transfer 

Bubble Size Distribution: Figure 9 summarizes the BSDs in terms of equivalent diameters 

(𝑑𝑑e = (6𝑉𝑉b 𝜋𝜋⁄ )0.33) for superficial gas velocities of 0.04 m s-1, 0.06 m s-1 and 0.12 m s-1, 

corresponding to homogeneous, transition and churn-turbulent flow, respectively.  
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Figure 9: Measured (symbols) and predicted (lines) bubble size distribution for a) 0.04 m s-1, b) 0.06 m s-1 and c) 

0.12  m s-1 for square patterns (upper row) and the empty column (lower row). 

 

As to be seen from Figure 9, the measured BSDs are properly reproduced by the proposed 

model. The flow structure in every sub-column is divided into large rising bubbles in the core 

and small descending bubbles in the wall region. This column sub-division accounts for local 

BSDs rather than only the axial evolution as considered in previous models. As confirmed by 

our previous studies [18,19,22,51], internals promote a higher breakup frequency, which is 

addressed by the small sub-columns in the model. Hence, the formation of large bubbles 

suppressed. 

With increasing column size the BSD widens, which is due to the bubble number that 

exponentially increases with increasing available area. Therefore, a larger bubble number 

obviously features a broader bubble diameter variance, which is accordingly predicted by the 

proposed model (see Figure 9). 
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Sauter Mean Diameter, Interfacial Area and Volumetric Mass Transfer Coefficient: The 

BSDs are further applied to derive bubble-specific parameters. Experimental and predicted data 

for Sauter mean diameter, interfacial area and volumetric mass transfer coefficient are compared 

by means of parity plots (Figure 9) for DN100 (solid symbols) and DN400 (empty symbols). 

 

 

Figure 10: Sauter mean diameter, interfacial area and volumetric mass transfer coefficient parity plots for the narrow 

and pilot-scale column. 

The predicted parameters are within a 30 % deviation band. The turbulence-dampening effect of 

the internals is properly reflected by the lower mass transfer rate compared to the empty column. 

The available space for the liquid eddy generation decreases with the addition of internals and 

the size of the sub-columns controls the turbulence level, e.g. larger sub-column feature higher 

turbulence levels and vice versa for smaller ones. Beyond the eddy size limitation and turbulence 

damping effect (to be implemented via sub-column’s size restriction), proper modifications in 

the breakup kernels to account for different tube patterns is still required. 
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5.2 Results Obtained with Empirical Liquid Velocity Profiles 

Contrary to the approach of Vitankar and Joshi [43], which relies on experimental data (gas 

holdup profile, drift-flux constants), the correlation of Wu et al. [42] for the liquid velocity 

profile (see Section 3.1.1) is applied here. The center-line liquid velocity is calculated according to 

correlations from Zehner [44] (Eq. 18) and Riquarts [45] (Eq. 19). In Figure 11, the obtained 

BSDs are compared with the phenomenological liquid velocity model of Vitankar and Joshi [43] 

(Eq. 9) for the square configurations (s8 and s32) from narrow and pilot-scale columns at 

superficial gas velocities of 0.04, 0.06 and 0.12 m s-1. 

 

 

Figure 11: Bubble size distribution for Square 8 (s8, upper row) and Square 32 (s32, lower row) configurations for a) 

0.04 m s-1 b) 0.06 m s-1 and c) 0.12 m s-1 using different approaches to determine the liquid velocity profile. 

 

Best agreement with the measured BSD data is obtained determining the liquid velocity profile 

according to Vitankar and Joshi [43] using experimental input. Only minor differences occur for 
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the narrow column, while for the pilot-scale column, pronounced liquid velocity profiles have 

significant effects and the correlation of Zehner [44] returns least deviations from the 

experiments compared the results using Riquarts [45] correlation. The correlation of Zehner [44] 

calculates a larger liquid velocity with increasing column diameter (see Figure 11). Accordingly, 

the effect of the center-line liquid velocity on the BSD development is pronounced.  

Subsequently, gas holdup, Sauter mean diameter, interfacial area, liquid-side and volumetric mass 

transfer coefficients have been determined based on the BSD results. Figure 12 shows the total 

holdup for Square 8 (s8) and Square 45 (s45) configurations based on the liquid velocity 

correlations. For the sake of comparison, the data for the approach of Vitankar and Joshi [43] 

based on the phenomenological velocity distribution are also included. 

 

 

Figure 12: Gas holdup as a function of superficial gas velocity for a) Square 8 (s8) and b) Square 32 (s32) configurations 

using different approaches to determine the liquid velocity profile. 

 

The approach to obtain the liquid velocity profile used in the model framework has a significant 

effect on the total gas holdup. It should be noted that the phenomenological model approach 

predicts better results than the empirical correlations. The center-line liquid velocity profile and, 
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hence, the bubble velocity is underestimated using the correlation of Riquarts [45]. Accordingly, 

the gas holdup in the column is overestimated caused by the higher bubble residence time. The 

correlation of Zehner [44] predicts a higher liquid velocity, which causes lower residence time 

and gas holdup. However, using the correlation of Zehner [44] within the model framework, the 

total gas holdup is fairly well predicted, when comparing the two empirical correlations. 

 

Figure 13 shows Sauter mean diameter and interfacial area as a function of the superficial gas 

velocity.  

 

 

Figure 13: Sauter mean diameter (upper row) and interfacial area (lower row) as a function of superficial gas velocity 

for the a) Square 8 (s8) and the b) Square 32 (s32) configurations using different approaches to determine the liquid 

velocity profile. 
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The Sauter mean diameter decreases with increasing superficial gas velocity for the narrow 

column. The opposite trend is observed for the pilot-scale column, which is due to the 

stabilizing effect of the tube walls. The Sauter mean diameter for the narrow column is hardly 

sensitive for the center-line liquid velocity correlation within the model framework. For the pilot-

scale column, the predictions show a decreasing Sauter mean diameter with increasing superficial 

gas velocity, which is opposite to the experiments. Wall stabilization effects of the tubes, which 

form one sub-channel, are not considered within the model framework, which leads to the 

oppositional prediction of a decreasing Sauter mean diameter. Accordingly, only liquid 

turbulence governs the course of the Sauter mean diameter as larger turbulence levels occur at 

higher superficial gas velocities, which leads to decreasing Sauter mean diameters. However, 

considering the correlations, the prediction of the Sauter mean diameter using the correlation of 

Zehner [44] is the most accurate one, which is due to faster rising bubbles. The same is observed 

for the interfacial area (Figure 13, lower row), where the application of the center-line liquid 

velocity correlation of Zehner [44] returns an acceptable agreement with the experimental data, 

while the interfacial area is over-predicted for the correlation of Riquarts [45]. However, using 

the phenomenological velocity profile model by Vitankar and Joshi [43], data prediction is 

superior compared to the correlations. 

Figure 14 summarizes predicted and experimental mass transfer and the volumetric mass transfer 

coefficients for all velocity approaches.  
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Figure 14: Liquid-side mass transfer coefficient as a function of superficial gas velocity for the a) Square 8 (s8) and the 

b) Square 32 (s32) configurations using different approaches to determine the liquid velocity profile. 

 

The choice of the liquid velocity prediction within the model framework has a strong influence 

on the shear rate, which, in turn, affects the breakup and coalescence behavior (see Appendix 

A.1 – A.2) and, hence, liquid turbulence level and volumetric mass transfer coefficients. The 

effect for the pilot-scale column is pronounced, whereas it is almost negligible for the narrow 

column. This is due to the gas dispersion coefficient effect on the volumetric mass transfer 

determination, which exponentially increases with an increase of the column scale [53]. However, 

this effect is not considered using the penetration theory by Higbie [40]. Lower liquid velocity 

results in lower liquid turbulence levels and thus, lower mass transfer coefficients (correlation of 

Riquarts [45]) and vice versa (correlation of Zehner [44]). The correlation of Zehner [44] 

provides a proper velocity estimation, which leads to correct assignment of the liquid turbulence 
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level and, hence, a reliable description of the volumetric mass transfer has been obtained (see 

Figure 14, lower row).  

Table 5 summarizes the deviation of the model predictions from the experimental data in terms 

of the average absolute relative errors (AARE) for the parameters described above. 

 

Table 5: Summary of average absolute relative errors (AARE) of the various model approaches. 

 Model considering the velocity profile according to  

 Vitankar and Joshi [43] Zehner [44] Riquarts [45] 

Parameter s8 s32 s8 s32 s8 s32 

𝜀𝜀g 0.09 0.23 0.10 0.20 0.15 0.21 

𝑑𝑑32 0.03 0.10 0.04 0.13 0.06 0.18 

𝑎𝑎 0.25 0.23 0.12 0.27 0.16 0.37 

𝑘𝑘l 0.19 0.22 0.16 0.26 0.20 0.32 

𝑘𝑘l𝑎𝑎 0.08 0.08 0.07 0.13 0.14 0.30 

Global 0.13 0.17 0.10 0.20 0.14 0.28 

 

From the AARE values it can be concluded that the model with the velocity profile obtained 

according to Zehner [44] provides almost equally good results as the phenomenological model 

proposed by Vitankar and Joshi [43]. Thus, in case of inaccessible experimental data for radial 

gas holdup and drift-flux coefficients, the calculation of the liquid velocity profile according to 

Wu et al. [42] considering the center-line liquid velocity correlation of Zehner [44] is 

recommended. 
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5.3 Literature Comparison 

To assess the prediction capability of the proposed model and the model of Shimizu et al. [32], 

the predictions of the main hydrodynamic parameters are compared. It should be noted that only 

empty columns are considered to comply with the limitations of the model of Shimizu et al. [32] 

 

 

Figure 15: Bubble size distribution for the model proposed in this work and the model of Shimizu et al.[32][32] for 

DN100 (upper row) and DN400 (lower row). 

 

Figure 15 illustrates that the model of Shimizu et al. [32] does not properly capture the BSDs, 

which is attributed to the simplified assumptions (e.g. equal sized bubble breakup, bubble up 

flow only, no radial bubble size distribution and incorrect liquid velocity profile), while the model 

proposed in this work fits very well, which can be attributed to the 

• Definition of M-shaped daughter distribution in breakup kernels. 
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• Consideration of turbulence, laminar shear, eddy shear, interfacial slip, buoyancy and 

wake effects within the breakup and coalescence kernels. 

• Incorporation of the second bubble class. 

• Consideration of a more realistic liquid velocity profile. 

Exemplarily, the model results are compared in terms of the Sauter mean diameter in Figure 16 

(AARE values are provided as a quantifier of the model performance). 

 

 

Figure 16: Sauter mean diameter predicted by the model of Shimizu et al. [32] and by the model proposed in this work 

for the empty bubble column. 

 

The model of Shimizu et al. [32] fails to correctly predict the course of the Sauter mean diameter 

in particular at higher superficial gas velocities (𝑢𝑢g > 0.07ms-1). The two peaks of the BDS of the 

narrow column (Figure 15c, upper row) eventually cause much higher Sauter mean diameters 

(Figure 16). The AARE values of the corresponding hydrodynamic parameters are compiled in 

Figure 17. 
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Figure 17: Comparison of the model of Shimizu et al. [32] and the model proposed in this work for all predicted fluid 

dynamic parameters. 

 

The AARE values illustrate the superior prediction performance of the proposed model 

compared to the model of Shimizu et al. [32]. The main model improvements are the more 

realistic horizontal assignments of small and large bubbles as well as the proper consideration of 

the flow pattern in terms of the liquid velocity profile. The liquid velocity profile, which is used 

in the model framework, has the most significant effect on the overall model performance. Large 

liquid velocities lead to higher liquid turbulence levels, which forces higher bubble breakup and, 

hence, governs the respective fluid dynamic parameters. Furthermore, Shimizu et al. [32] 

considered only the turbulent kinetic energy of bombarding eddies as possible breakup 

mechanism, which leads to a deviating BSDs and, hence, to deviating total holdup, Sauter mean 

diameter and interfacial area. 

6 Conclusions 

In this work, the phenomenological model of Shimizu et al. [32] was modified and adapted to 

predict hydrodynamic data for BCRs with dense internals for the first time. An axial 

compartmentalization based on the tubes’ solid distribution was proposed to properly predict the 
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main hydrodynamic parameters. The formulation of the model using only algebraic equations 

instead of integrals drastically enhanced the computational effort.  

The implementation of the coalescence and breakup kernels developed by Liao [47] resulted in a 

successful agreement with the experimental BSD values and, thus, a reliable prediction of 

associated parameters such as Sauter mean diameter, interfacial area, mass transfer and gas 

holdup.  

Two methods for the determination of the liquid velocity profile have been implemented. One 

of which requires the experimental input of the radial gas fraction, whereas the other one is 

purely empirical. Slightly better results are obtained using experimental data for the gas holdup 

profile, however, a priori knowledge of the gas holdup profile is not necessarily required. The 

simulations revealed that column diameter and liquid velocity profile are the most crucial 

parameters within the model framework. The liquid velocity determines the bubble motion and 

bubble residence time as well as liquid turbulence level and breakup frequency, which increase 

with increasing column scale. 
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Nomenclature 

Abbreviations 

ADM  Axial dispersion model 

BCR  Bubble column reactor 

BSD  Bubble size distribution 
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CSTR  Continuous-stirred tank reactor 

TBCA  Two-bubble class approach 

 

Latin symbols 

𝐴𝐴c  Tube coverage, % 

𝐴𝐴c,l  Large bubble area, m2 

𝐴𝐴c,su  Small rising bubble area, m2 

𝐴𝐴e,𝑖𝑖  Equivalent sub-column area, m2 

𝐴𝐴s  Sub-channel area, m2 

𝑎𝑎  Interfacial area, m-1 

𝐶𝐶0  Drift flux constant, - 

𝐶𝐶1  Drift flux constant, - 

𝐶𝐶35  Coefficient, - 

𝐶𝐶D  Drag coefficient, - 

𝑐𝑐  Constant for the local liquid velocity, - 

𝑐𝑐fbv  Auxiliary variable for the breakup fraction, - 

𝐷𝐷  Column diameter, m 

𝐷𝐷L  Molecular diffusivity, m2 s-1 

𝑑𝑑32  Sauter mean diameter, m 

𝑑𝑑b  Bubble diameter, m 

𝑑𝑑c  Critical bubble diameter for the wake entrainment, m 

𝑑𝑑e  Equivalent bubble diameter, m 

𝑑𝑑𝑖𝑖  Mother bubble for breakup and daughter bubble for coalescence, m 

𝑑𝑑𝑗𝑗  Daughter bubble for breakup and mother bubble for coalescence, m 
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𝑑𝑑o  Outer tube diameter, m 

𝑑𝑑h  Hydraulic sub-channel diameter, m 

𝑓𝑓bv  Breakage volume fraction, - 

𝑔𝑔  Gravitational constant, m s-2 

ℎ0  Initial film thickness, m 

ℎf  Critical film thickness, m 

𝑘𝑘l  Liquid-side mass transfer coefficient, m s-1 

𝑘𝑘l𝑎𝑎  Volumetric mass transfer coefficient, s-1 

𝐿𝐿c  Clear liquid height, m 

𝐿𝐿D  Dynamic liquid height, m 

𝑁𝑁  Number of tubes and number of compartments, - 

𝑀𝑀  Top compartment/total number of stages, - 

𝑃𝑃  Tube pitch, m 

𝜉𝜉SF  Surface renewal rate, m2 s-1 

𝑆𝑆𝑖𝑖  Surface, m2 

𝑡𝑡  Time, s 

𝑡𝑡c  Contact time, s 

𝑢𝑢l  Local liquid velocity, m s-1 

𝑢𝑢g  Superficial gas velocity, m s-1 

𝑢𝑢r  Bubble rise velocity in quiescent liquid, m s-1 

𝑢𝑢r′   Actual bubble rise velocity, m s-1 

𝑉𝑉b  Bubble volume, m3 

𝑉𝑉𝑖𝑖  Volumetric flow rate, m3 s-1 

𝑣𝑣l,c  Center-line liquid velocity, m s-1 

𝑋𝑋  Iteration variable to close the liquid velocity profile, - 
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Dimensionless numbers 

𝐵𝐵𝑜𝑜  Bond number, 𝜌𝜌l𝑔𝑔𝐷𝐷
2

𝜎𝜎
 

𝐸𝐸ö  Eötvös number, 
𝑔𝑔(𝜌𝜌l−𝜌𝜌g)

𝜎𝜎
 

𝐹𝐹𝑑𝑑  Froude number, 
𝑢𝑢g2

𝐷𝐷𝑔𝑔
 

𝐺𝐺𝑎𝑎  Galileo number, 𝜌𝜌l
2𝐷𝐷3𝑔𝑔
𝜇𝜇l

 

𝑀𝑀𝑜𝑜  Morton number, 𝑔𝑔𝜇𝜇l
4

�𝜌𝜌l−𝜌𝜌g�𝜎𝜎3
 

𝜉𝜉𝑅𝑅  Reynolds number, 
𝐷𝐷𝑢𝑢g(𝜌𝜌l−𝜌𝜌g)

𝜇𝜇l
 

 

Greek Symbols 

𝛽𝛽g  Gas saturation profile, - 

𝜀𝜀𝑖𝑖  Gas (g) or liquid (l) holdup, - 

𝜀𝜀d  Turbulent energy dissipation, m2 s-3 

Δ𝛥𝛥  Compartment height, - 

Δ𝑁𝑁  Number of compartments a bubble passes during Δ𝑡𝑡, - 

Δ𝑁𝑁t+Δt  Compartment location of a bubble at next time step, - 

Δ𝑡𝑡  Simulation time step, s 

𝜂𝜂𝑘𝑘  Kolmogorov length scale,  

Γ  Coalescence frequency, s-1 

𝛾𝛾  Modification factor, - 

�̇�𝛾  Shear rate, s-1 

Π  Turbulent modification factor, - 

𝜈𝜈𝑖𝑖  Kinematic viscosity, m2 s-1 
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𝜆𝜆𝑖𝑖  Coalescence efficiency, - 

Ω  Breakup frequency, s-1 

Φ  Free area distribution, - 

𝜌𝜌𝑖𝑖  Gas (g) or liquid (l) density, kg m-3 

𝜎𝜎  Surface tension, N m-1 

𝜏𝜏𝑖𝑖  Stress, N m-2 

𝜉𝜉  Dimensionless radial coordinate, - 

𝜉𝜉c,sl  Dimensionless radial coordinate to separate small and large bubbles in the core 

zone, - 

𝜉𝜉t  Dimensionless radial coordinate for up- and downflow transition, - 

Subscripts 

b  Bouyancy 

c  Critical 

e  Eddy 

g  Gas 

k  Destroying 

l  Liquid 

s  Shear 

su  Small bubbles up flow 

t  Turbulent 

w  Wake 
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Appendix 

A.1  Breakup Kernel 

Liao [47] propose  

 

Ω = �
��

𝜏𝜏𝑘𝑘 − 𝜏𝜏c
𝜌𝜌l

�
0.5 1
𝑑𝑑𝑗𝑗

      (𝜏𝜏𝑘𝑘 > 𝜏𝜏c)
𝑘𝑘

0                                      (𝜏𝜏𝑘𝑘 < 𝜏𝜏c)
 (A-1) 

 

as the final expression of the breakup frequency. The subscript 𝑘𝑘 referes to the possible 

mechanisms leading to bubble breakup, namely, turbulence, laminar shear, eddy shear and 

interfacial slip. The destroying stress, 𝜏𝜏𝑘𝑘, of the external flow is given as 

 

τ𝑘𝑘 =

⎩
⎪⎪
⎨

⎪⎪
⎧𝜏𝜏t = 0.5𝜌𝜌l√2(𝜀𝜀d𝑑𝑑𝑖𝑖)2/3

𝜏𝜏s = 𝜂𝜂l�̇�𝛾

𝜏𝜏e = 𝜂𝜂l�
𝜌𝜌l𝜀𝜀d
𝜂𝜂l

𝜏𝜏i = 0.5𝜌𝜌l𝑢𝑢r𝑖𝑖2 .

 (A-2) 

 

The critical stress, 𝜏𝜏c, that prevents the bubble from breaking up is calculated as 

 

𝜏𝜏c = max �6𝑐𝑐fbv
𝜎𝜎
𝑑𝑑𝑖𝑖

,
1

min�𝑓𝑓bv
1/3, (1 − 𝑓𝑓bv)1/3�

𝜎𝜎
𝑑𝑑𝑖𝑖
�. (A-3) 
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The subscript 𝑖𝑖 in the equations above refers to the mother bubble. The subscript 𝑗𝑗 indicates one 

of the two daughter bubbles, usually the smaller one. The turbulent energy dissipation rate, 𝜀𝜀d , is 

calculated as 

 

𝜀𝜀d = 𝑔𝑔𝑢𝑢g. (A-4) 

 

The shear rate, �̇�𝛾, was postulated by Shimizu et al. [32] as 

 

�̇�𝛾 =
𝑑𝑑𝑢𝑢
𝑑𝑑𝑑𝑑

≈
𝑣𝑣l,c
𝐷𝐷 2⁄

=
0.787�𝑔𝑔𝐷𝐷𝑢𝑢g�

1 3⁄

𝐷𝐷 2⁄
. (A-5) 

 

Since the liquid velocity profile is determined in one of the sub-routines for the estimation of the 

flow pattern, the maximum liquid velocity, 𝑣𝑣l,c, is directly taken from those calculations instead 

of using the given correlation described in A.3. 

The bubble rise velocity of the parent bubble is calculated according to Equation 4. The auxiliary 

variable, 𝑐𝑐fbv, depends on the breakup volume fraction, 𝑓𝑓bv, and is defined as  

 

𝑐𝑐fbv = 𝑓𝑓bv
2/3 + (1 − 𝑓𝑓bv)2/3 − 1. (A-6) 

 

The breakup volume fraction, 𝑓𝑓bv, is determined for every possible bubble diameter as a random 

value of an M-shape distribution as proposed by Zhao and Ge [49]. Accordingly, the size of the 

daughter bubble, 𝑑𝑑𝑗𝑗 , can be estimated as 

 

𝑑𝑑𝑗𝑗 = 𝑑𝑑𝑖𝑖�𝑓𝑓bv
3 . (A-7) 
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The unequal breakup can be regarded as an additional improvement compared to the unphysical 

equal-size breakup considered by Shimizu et al. [32] 

 

A.2 Coalescence Kernel 

The final expression for the coalescence frequency is defined by Liao [47] as  

 

Γ�𝑑𝑑𝑖𝑖,𝑑𝑑𝑗𝑗� = 𝛾𝛾 �
Π𝑆𝑆𝑖𝑖𝑗𝑗,t𝑢𝑢r,t𝜆𝜆t + 𝑆𝑆𝑖𝑖𝑗𝑗,s𝑢𝑢r,s𝜆𝜆s

+ 𝑆𝑆𝑖𝑖𝑗𝑗,b𝑢𝑢r,b𝜆𝜆b + 𝑆𝑆𝑖𝑖𝑗𝑗,w𝑢𝑢r,w𝜆𝜆𝑤𝑤
+𝑆𝑆𝑖𝑖𝑗𝑗,e𝑢𝑢r,e𝜆𝜆e

�. (A-8) 

 

For the calculation of the modification factor, 𝛾𝛾, the correlation  

 

𝛾𝛾 =
𝜀𝜀g,max1

𝜀𝜀g,max1 − 𝜀𝜀g
 (A-9) 

 

of Wang et al. [54] is applied. The maximum gas holdup is defined as 𝜀𝜀g,max1 = 0,8. The 

turbulent modification factor, Π, is determined as  

 

Π = exp �−�
𝜀𝜀g,max2
1/3 − 𝜀𝜀g

1/3

𝜀𝜀g
1/3 �

2

� (A-10) 

 

according to Lehr et al. [55], where the maximum gas holdup is defined as 𝜀𝜀g,max2 = 0,6. The 

required cross-sectional areas for the collision are calculated by 

 

𝑆𝑆𝑖𝑖𝑗𝑗,t  = 𝑆𝑆𝑖𝑖𝑗𝑗,b = 𝑆𝑆𝑖𝑖𝑗𝑗,s = 𝑆𝑆𝑖𝑖𝑗𝑗,e =
𝜋𝜋
4
�𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗�

2
 (A-11) 
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and 

 

𝑆𝑆𝑖𝑖𝑗𝑗,w  =
𝜋𝜋
4
𝑑𝑑𝑖𝑖2. (A-12) 

 

𝑑𝑑𝑖𝑖 and 𝑑𝑑𝑗𝑗 refer to the diameters of the two colliding bubbles. Here, the larger bubble is labelled 

with the subscript 𝑖𝑖. The relative velocities between bubbles caused by different coalescence 

mechanisms are given as 

 

𝑢𝑢r,t = √2𝜀𝜀d
1/3�𝑑𝑑𝑖𝑖

2/3 + 𝑑𝑑𝑗𝑗
2/3�

1/2
, �𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗� > 𝜂𝜂k, (A-13) 

𝑢𝑢r,s = 0.5�𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗��̇�𝛾, (A-14) 

𝑢𝑢r,b = �𝑢𝑢r𝑖𝑖 − 𝑢𝑢r𝑗𝑗�, (A-15) 

𝑢𝑢r,w = 𝐶𝐶35𝑢𝑢r𝑖𝑖𝐶𝐶D
1/3,                           𝑑𝑑𝑖𝑖 ≥ 𝑑𝑑c, (A-16) 

𝑢𝑢r,e = 0.5�𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗��
𝜀𝜀𝑑𝑑
𝜈𝜈l

,                 �𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗� ≤ 𝜂𝜂k. (A-17) 

 

The Kolmogorov length scale, 𝜂𝜂k, is defined as 

 

𝜂𝜂k = �
𝜈𝜈l3

𝜀𝜀d
�
0.25

. (A-18) 

 

The critical bubble size, 𝑑𝑑c, for the wake-entrainment is calculated according to 
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𝑑𝑑c = 4�
𝜎𝜎

𝑔𝑔(𝜌𝜌l − 𝜌𝜌g)
. (A-19) 

 

The turbulent energy dissipation rate, 𝜀𝜀d, is calculated using Eq. A-4 and the shear rate, �̇�𝛾, is 

determined according to Eq. A-5, however considering the center-line liquid velocity obtained by 

the model of Vitankar and Joshi [43]. The bubble rise velocity for the respective bubble is 

calculated using Eq. 4. The coefficient 𝐶𝐶35 is considered constant (0.1) as proposed by Liao [47]. 

𝐶𝐶D refers to the drag coefficient, which is derived by the correlation of Ishii and Zuber [56] as 

 

𝐶𝐶D =
2
3

Eö0.5. (A-20) 

 

The dimensionless Eötvös number, 𝐸𝐸ö, is defined as 

 

𝐸𝐸ö =
𝑔𝑔�𝜌𝜌l − 𝜌𝜌g�𝑑𝑑𝑖𝑖2

𝜎𝜎
. (A-21) 

 

Finally, the coalescence efficiency, 𝜆𝜆𝑖𝑖, is calculated based on the film drainage model [38] 

according to 

 

𝜆𝜆t = 𝜆𝜆s = 𝜆𝜆b = exp �−
𝜌𝜌𝑙𝑙0.5𝑑𝑑eq1.5

4𝜎𝜎0.5�𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗�
ln �

ℎ0
ℎf
�max(𝑢𝑢r,t,𝑢𝑢r,s,𝑢𝑢r,b)�, (A-22) 

𝜆𝜆e = exp �−
3𝜂𝜂l𝑑𝑑eq

4𝜎𝜎 �
𝜀𝜀d
𝜈𝜈l

ln �
ℎ0
ℎf
��, (A-23) 

𝜆𝜆w = 1. (A-24) 
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Initial and critical film thicknesses are ℎ0 and ℎf. The equivalent bubble radius for two coalescing 

bubbles is determined as 

 

req =
2𝑑𝑑𝑖𝑖𝑑𝑑𝑗𝑗
𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑗𝑗

. (A-25) 

 

Using the equations above, the coalescence frequency can be calculated for every bubble pair. It 

should be noted that all given relations for breakup and coalescence are algebraic equations, 

which simplify the computation compared to other models. 

A.3 Liquid Velocity Profile 

The model of Vitanar and Joshi (2002) is based on the equations of motion for liquid and gas 

phase according to 

 

𝜀𝜀l𝜌𝜌l
𝑑𝑑𝑢𝑢�l
𝑑𝑑𝑡𝑡

= −𝜀𝜀l∇�𝑝𝑝 + 𝜀𝜀l𝜌𝜌l�̅�𝑔 − 𝜀𝜀l𝑓𝑓̅ − ∇𝜀𝜀l𝜏𝜏̅, (A-26) 

𝜀𝜀g𝜌𝜌g
𝑑𝑑𝑢𝑢�g
𝑑𝑑𝑡𝑡

= −𝜀𝜀g∇�𝑝𝑝 + 𝜀𝜀g𝜌𝜌g�̅�𝑔 − 𝜀𝜀g𝑓𝑓̅ − ∇𝜀𝜀g𝜏𝜏̅, (A-27) 

 

where 𝜀𝜀l and 𝜀𝜀g are liquid and gas holdup, 𝑢𝑢 the phase velocities, 𝑔𝑔 the gravitational constant, 𝑓𝑓 ̅

the interface force, 𝜏𝜏̅ the shear stress and ∇�𝑝𝑝 the pressure drop for a 3D system. For a 1D case 

(radial direction only), the upper equations can be simplified to 

 

1
𝑑𝑑
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑑𝑑𝜏𝜏rz) = −
𝑑𝑑𝑝𝑝
𝑑𝑑𝑑𝑑

− 𝜀𝜀l𝜌𝜌l𝑔𝑔. (A-28) 

 

The drift flux constants are determined using the drift flux model developed by Zuber and 

Findlay [57] according to 
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𝑉𝑉g
𝜀𝜀g̅

= 𝐶𝐶0�𝑉𝑉g + 𝑉𝑉l� + 𝐶𝐶1, (A-29) 

 

with 

 

𝐶𝐶0 =
〈𝜀𝜀g(𝜀𝜀g𝑢𝑢g + 𝑉𝑉l)〉
〈𝜀𝜀g〉〈(𝜀𝜀g𝑢𝑢g + 𝑉𝑉l)〉

, (A-30) 

 

and 

 

𝐶𝐶1 =
〈𝜀𝜀g𝜀𝜀l𝑉𝑉s)〉
〈𝜀𝜀g〉

. (A-31) 

 

The parameters 𝐶𝐶0 and 𝐶𝐶1 are the drift flux constants and represent the holdup profile nature 

and the bubble rise velocity. These parameters can be easily derived from gas holdup 

measurements as function of the superficial gas velocity. 

To solve Eq. A-28, the radial holdup profile is implemented considering the radial holdup profile 

incorporating the wall holdup contributions according to 

 

𝜀𝜀g =
𝑚𝑚 + 2
𝑚𝑚

�𝜀𝜀g̅ − 𝜀𝜀w�(1 − 𝜉𝜉m) + 𝜀𝜀w. (A-32) 

 

Utilizing Eq. A-32, the radial holdup profile can be incorporated into the motion Eq. A-28, 

which reads to 
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𝑑𝑑𝜏𝜏rz = −
𝑑𝑑𝑝𝑝
𝑑𝑑𝑑𝑑

𝑑𝑑2

2
− 𝜌𝜌l �

𝑑𝑑2

2
−
𝑚𝑚 + 2
𝑚𝑚

�𝜀𝜀g̅ − 𝜀𝜀w� �
𝑑𝑑2

2
−

𝑑𝑑m+2

(𝑚𝑚 + 2)𝜉𝜉m
� −

𝑑𝑑2

2
𝜀𝜀w�𝑔𝑔. (A-33) 

 

To eliminate 𝑑𝑑𝑝𝑝/𝑑𝑑𝑑𝑑, the boundary conditions 𝜏𝜏rz = −𝜏𝜏w at 𝑑𝑑 = 𝜉𝜉 are applied according to 

 

−
𝑑𝑑𝑝𝑝
𝑑𝑑𝑑𝑑

= −
2𝜏𝜏w
𝜉𝜉

+ 𝜌𝜌l�1 − 𝜀𝜀g̅�𝑔𝑔, (A-34) 

 

𝜏𝜏rz = −(𝜇𝜇t + 𝜇𝜇l)
𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

 (A-35) 

 

to describe the balance for the liquid velocity profile, which results in 

 

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

= 𝜉𝜉𝜉𝜉
𝜏𝜏w

𝜇𝜇t + 𝜇𝜇l
�1 −

𝜉𝜉𝜌𝜌l𝑔𝑔�𝜀𝜀g̅ − 𝜀𝜀w�
𝑚𝑚𝜏𝜏w

(1 − 𝜉𝜉m)�. (A-36) 

 

The liquid velocity profile can be solved applying the boundary conditions at 

 

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑟𝑟

= 0 (𝜉𝜉 = 0) (A-37) 

 

and  

 

𝑢𝑢l = 0 (𝜉𝜉 = 1). (A-38) 

 

Utilizing the energy dissipation [58] and further assumptions, described by Vitankar and Joshi 

[43], the turbulent kinematic viscosity can be calculated as 

 



54 
 

𝜈𝜈t =
(𝑋𝑋𝐷𝐷)

4
3𝑔𝑔

1
3

6√3
�𝑉𝑉g −

𝜀𝜀g̅𝑉𝑉l
�1 − 𝜀𝜀g�

− 𝜀𝜀g̅𝑉𝑉s�

1
3

(1 + 2𝜉𝜉2)(1 − 𝜉𝜉2). (A-39) 

 

Specifying column dimensions, inlet conditions (𝐷𝐷,𝑉𝑉g and 𝑉𝑉l) as well as drift flux coefficients 

(𝐶𝐶0, 𝐶𝐶1), the velocity profile can be calculated. Furthermore, the start value for the coefficient 𝑚𝑚 

of the holdup profile in Eq. A-36 is guessed. The slip velocity, 𝑉𝑉s, is obtained from the drift flux 

constant according to 𝐶𝐶1/𝜀𝜀l. The start value of the proportionality factor is defined as 𝑋𝑋 = 0.04. 

Eventually, the velocity profile can be estimated with the only unknown being the wall shear 

stress. This parameter is selected to close the liquid phase balance 

 

� 2𝜋𝜋𝜀𝜀l𝑢𝑢l𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜋𝜋
4
𝐷𝐷2𝑉𝑉l

𝑅𝑅

𝑟𝑟=0

. (A-40) 

 

If no liquid flow is induced, the right-hand side of the equation is set to zero. The value of 𝑋𝑋 is 

evaluated with the energy balance according to 

 

𝜋𝜋
4
𝐷𝐷2 �𝑉𝑉g − 𝜀𝜀g̅

𝑉𝑉l
1 − 𝜀𝜀g

− 𝜀𝜀g̅𝑉𝑉s�𝑔𝑔𝜌𝜌l𝐿𝐿D

= 𝜌𝜌l𝐿𝐿D � 2𝜋𝜋𝜈𝜈t
𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

𝑑𝑑𝑢𝑢l
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑 +
𝜌𝜌l𝐿𝐿D
2𝐷𝐷

� 2𝜋𝜋𝑢𝑢l3𝑑𝑑𝑑𝑑𝑑𝑑
𝛿𝛿

𝑟𝑟=𝑜𝑜

𝑅𝑅

𝑟𝑟=0

. 

(A-41) 

 


